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ITPEANCJIOBUNE

Hannbiit Kype JieKuuit o Teopun QyHKIu KOMILIEKCHOTO Te-
PEMEHHOr0 B Te4€HHe MHOI'MX JIET YUTAJICS aBTOPOM /15 CTYJIEHTOB
2-ro kypca dakyabrera BMuK MI'Y, rae kypc TOKII Bxoaut kak
COCTaBHas YaCTh Kypca MaTeMaTH4ecKoro aHaiusza. Jucio Jekuuit
no TOKII orpanuuusaercs 18 jekuusamMu. ABTOpY NpHILIOCH BBe-
CTH NMOHATHE AHAJUTHYECKOH (PYHKUMH KaK (pyHKUHH, UMelomieit
HenpepbiBHYI0 Npon3BoaHyl0. HekoTopbie TeopeMbl, a HMEHHO, Te-
opema Pumana o koHdOpMHOM oTOOpakeHuu, GoJibiliass TeopeMa
ITukapa o moBegeHHu (PYHKUUH B OKPECTHOCTH CYIIECTBEHHO OCO-
00i1 TOYKH, JaI0TCA 0€e3 JOKa3aTe/IbCTBA.

Kypc TOKII cornacoBan ¢ KypcoM MaTreMaTH4YeCKOIO aHaJIH-
3a. Tak, 3HaHMe CBOMCTB KPUBOJHMHEHHBIX HHTErpajioB OT YHK-
1yl AefiCTBHTENbHOrO NepEeMEHHOr0, CBOMCTBA PABHOMEPHO CXO/d-
HIUXCS pSAJOB AefCTBUTENbHBIX (DYHKUHUHN, METOAB CyMMHPOBAHHUS
pacxoasamuxcs psagos (meroasi Yeszapo u Ilyaccona-AGens) npea-
noJjiaraloTcsa u3BecTHuIMU. K MoMmeHTy utenus jexuuit no TOKII
y’K€ U3BECTHBI CBOMCTBA HECOOCTBEHHBIX MHTErpaJiOB, 3aBUCAIIMX
or napamerpa. V3yuenue cBoicTB rapMOHHYEeCKHX PYHKIHMHE M UX
pasioxenue B pagnl Oypbe COracyercs C H3/N0XKEHHEM TeOpHH
psagoB Pypbe B Kypce MaTeMaTH4ecKOro aHajiu3a. B HeKoTopbix
By3aX, B yacTHoCTH, Ha ¢akynbTrere BMuK MI'Y, uznoxenue te-
opur panop Pypbe B MaTeMaTH4eCKOM H KOMILIEKCHOM aHAJIM3e
UIeT NapaJsulesbHo.

Usnoxkenne teopun YHKIHHA KOMIJIEKCHOIO MEPEMEHHOIo
HAYMHAETCSi CO CBOMWCTB KOMILJIEKCHBIX YHCEJ W TAKHX MOHSATHIA,
KaK HenpepbiBHOCTb, MHTErpUpyeMocTh u auddepeHuupyeMoctsb
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$yHKIHMH KOMILIEKCHOrO nepeMeHHoro. /lajee paccmaTpuBaeTcs
TEOpUs AHAIUTHYECKHX (DVHKUMH U DpUMEHEHHe 3TOl TeopuH K
KoHdOopMHBIM OoTOOpakeHUusM. IloapobHo uccaeayviorcss cBOHCTBa
JApoOHO--TMHEeHOM hyHKINU U eMeHTapHbIX GyHKuuMil. Hapsamy
C OJHO3HAYHBIMH (DYHKIUAMH PACCMATPHMBAIOTCA MHOTO3HAYHbBIE
bYHKLHT ¥ METOBI BbIe;1eHNs OHO3HAYHX BeTBell MHOTO3HAYHBIX
dyukuunii. BBoauTcs monsitue pumaHoBO#i nmoBepxHocTd. Hapsay
¢ AHAJIMTHYECKUMH (DYHKUUAMH HCCIELyIOTCS CBOMCTBa rapMo-
nudeckux GyvHKuui. Crpourcsa pemenue 3aiauu lupuxie s
oneparopa Jlanaaca Ags obsacTu onpeaesieHHOro Buda. BBoaurcs
¢yukuusa 'puna uau QyHKIUA UCTOYHUKA M NOKA3bIBAETCS CBA3b
cymecrBoBanusi pyHKiun ['puHa 1ad obsiacth 4 KOH(MOPMHOTO
oTobOparkeHus Tol obsacTu Ha exuHW4YHBbIN Kpyr. Kak eme oxHo
OpPUMEHEHHEe TEOPHH AHAJUTHYECKHX (PYHKHIUH paccMaTpuBaeTcs
npeobpaszoBanue Jlamsaca mnpu pemeHun AudepeHaIbHbIX
yPaBHEHHUH ¥ ypaBHEHMH B YACTHBIX NPOM3BOAHBIX.

Hapsaay ¢ usnoxkenueM JieKuuii IpUBOAUTCS CIIMCOK 33434 TeOo-
PETHYECKOr0 XapaKTepa, PeKOMEHAYEMBIX CTYAEHTaM s JIyyile-
ro yCBOeHMsl Kypca. ducso 3amad okoso 50, HeKOTopble U3 3aJad
MOKHO PacCMaTpUBaTh KaK CaMOCTOATE/IbHble TeopeMbl. Jlekuuu
COIJIACOBaHBI TAKXKe C 33, JaYHUKOM 110 TeOpUU PYHKUUN KOMILJIEKC-
Horo nepemennoro: T. A. jleontneBa, B. C. [1andepos, B. C. Cepos
"3ajaun 110 Teopuu QYHKIMH KOMILIGKCHOIO MepeMeHHOro” .

[TpuBoauTCSA COUCOK JIUTEPATYPhi, PEKOMEHIVEMOHN CTYyAEeHTaM
Ana usydenus Kypca TOKII u mpu noaroroBke K 3K3aMeHy, a
TaK>Ke CIIHCOK JIMTePATYpPhi, HA KOTOPYIO B TEKCTE JEKIHH HMel0T-
Csl CChUIKM. B KOHIle KHUT'H MPHUBOAMTCS TaKxKe Ouorpaduyeckas
cnpaBka 00 aBTOpax, YbMM HMEHEM Ha3BaHa Ta WJIM MHAs TeopeMa.

Janublil Kypc sekuuit GyaeT nosie3eH CTyAeHTaM W aclUpaHTaM
TEXHUYECKUX VHMBEPCHTETOB H BY30B, 3HAKOMSLIUXCH C KYPCOM Te-
opuu PVHKIHUN KOMIUIEKCHOrO NEPEMEeHHOr0, MeTOAbl KOTOPOi# Mc-
N0Ab3YIOTCA B (PU3MKE, MEXaHHKE, a3pOJUHAMUKE, PAaAHOTEXHUKE.
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ITonw3ysch ciaydaeM, XO04y BbIpa3uThb OJIarOJapHOCTb MOMM
penen3eHTaM: A.¢.-M.H., mpodeccopy MeXxaHHKO-MAaTEeMATH4YeCKOro
dakynbreta A. M. Cemreukomy u a.¢d.-M.H., npodeccopy a-
kyabrera BMuK E. B. IlluknHy 3a Tpyn NpoYTeHHsl TEKCTa
JIEKIM# ¥ 3a LleHHbIe 3aMedYaHus, KOTopble ObIH yuTeHbl. Takike
xouercs nobaaromaputs M. B. KomapoBa 3a npodeccuonanbHbIi
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KOMIIJIEKCHBIE YUCJIA
1 X CBOIICTBA.
MHOXKECTBA

nekywus
HA KOMIIJIEKCHOMH IIJIOCKOCTH

"Muumble 4ucaa — 3Mo NPEKPacHoe U Y-
dechoe ybearcuwe bostcecmeennozo dyxa, no-

ymu 4mo ampubus bwmus ¢ Hebwmuem.”
(MTetibruy [1])

PaccMoTpuM  MHOXKeCTBO Hap  JAEHCTBUTEJbHBIX  YHCEJ
(z,y), z,y € R. [OBa sneMeHnTa 3TOro MHOXecTBa (I,y) H
(z1,v1) Ha3BIBAlOTCS PABHBIMM, €CJIM T = T, ¥ = Y. Ha arom
MHOXKECTBE BBEAEM JIBe ONePaldi — CJOXKEHHE M YMHOXKeHHE:

(l‘,y)‘l' (-Tl,?ll) = (-”3‘*'-’1?1,11’*‘?!1),
(z,y)* () =@ 21—y -y, 01y +T- %)

Onepauuy cj10XKeHHs U YMHOXKeHHSA 06,1aa10T CBOACTBAMMU ac-
COLIMATHUBHOCTH, KOMMYTATUBHOCTH U AUCTPHUOYTUBHOCTH YMHOXKe-
HHS OTHOCHUTEJIHO CJIOXKEHHSI.

Aiaements BuAa (z,0) = x GymeM OTOXKAECTBJIATH C AEHCTBH-
TeJIbHbIMM 4YHMC1aMd. B wacrHocru, snement suga (0,0) = 0 6y-
JieM CYUTATh HYJIEBBIM 3JIeMeHTOM, djieMeHT (1,0) = 1 - equnuuei.
ditement (0,1) = ¢ Ha30BeM muumoli edunuyeti. Tax, i2
=1,7i-y=(0,1) x (y,0) = (0,y). Duement (0,y) Oyaem Ha3HIBATH
4YHUCTO MHUMBIM 4ucioM. UMeem (z,y) = z + iy. WTak, ssemenTs

(x,y) manHoro MHOXKeCTBa Oy/JeM Ha3bIBATb KOMNAEKCHOMU YUCAA-
MU U 0003HAYATDH

—=i.7=

z=x+1y, t=Rez, y=Imz,



10 Jlekuns 1

rae Re z o3Hauaer aeficTBUTEIbHYI0, a Im z — MHMMYIO 4acCTh
KOMILJIEKCHOT'O YHCJIa Z.

s omepauuu C/I0XKeHHs KOMIUIEKCHBIX YHMCeJl CYIIECTBYeT
obparHas onepaiys — Boluutanue. Ecau z; = x4y, 20 = To+1iys,
TO

1— 20 = (@1 + i) — (@2 + iy2) = (21 — 22) + i(th — o).

Ha mHoxecTtBe 2z # 0 mns onepauyuy YMHOXKEHHSI CyHIECTBYeT
obparHas onepauus — aejenue. [Iycrs zo # 0, Torga -

21 T+ Ta— W T2+ Y2 | Y1l — 1Y
P e o 2 2 2 2
29  Tpt+Yr To— 1Y 3 + Y x5 + Y3

Takum 66pa3oM, MHOXKECTBO KOMILIEKCHBIX 4HCEJ C BBEICHHBI-
MH OnepauysaMHi CJIOXKEHHS U YMHOXKeHusl obpa3yeT MmoJjie, OHO Ha-
3bIBAETCS N0AEM KOMNAEKCHWT Yuced. B Kypce anredbpbl JOKa3bi-
BAeTCd, YTO IMO0Jie KOMIJIEKCHBIX YHCEJ eCTh MHUHHMAaJIbHOE MoJie,
cozepkaiiiee noJie AefiCTBUTENbHBIX YHCeJI U JIeMEHT %, TAaKOM, 4TO
2 = —1.

3a,aaqa 1 CyiecTByeT Ju mnoJjie, Ajisi KOTOPOro MoJie KOMIJIeKC-
HbIX 4YHCeJI (C BBEIEHHBIMH ONEpAlMsMHU CJIOXKEHUS H yMHO)KeHIdﬁ)

ABJISJIOCH Obl ozmonem?

Urak, z = r + iy.Uucno Z = & — iy HA3BIBAETCH YUCAOM, KOM-
NAEKCHO CONPANCEHHBM C “ucaom 2. CnpaBemuBbl COOTHOLIEHHS

— _ _ - _ 21
21t z=21+2, 21 22=21"2, <Z—>—_,Z2?é0
2

Yucno |z| = \/x? + y? Ha3bIBACTCA MOOYLEM KOMTAEKCHOZ0 YUCAQ.
MHOXeCTBO KOMILJIEKCHBIX 4HCeJ MOXHO OTOXKJECTBUTb C
TOYKAMH ILIOCKOCTH. JIJIsi 3TOro Ha MJIOCKOCTH BBEIEM JAEKAPTOBY



KoMitekcHble 4HC/1a H HX CBOIiCTBa 11

cucreMy Koopaunar (z,y) (puc. 1). Paccmorpum Touky 2z ¢
xoopauHaTamMu (z,y) H paJuyc-BEeKTOp Oz. Yron ©, KOTOpBIH
obpasyeT paJauyc-BEKTOp C MOJOXKHTEJbHBIM HAIpaBJeHueM
ocu Oz, ompenmejieH ¢ TOYHOCTBIO 10 27mn, n = 0,+1,%£2,...
NmeeM: T = |z|cosp, y = |2|sing, z = |z|(cosy + isingp) -
TPUTOHOMETPHYECKAast 3aMUCh KOMILJIEKCHOTO YHCJI, ¥ = g + 27n,
- < o < 7.

[Ton aaa6HbIM 3HAUEHUEM GPZYMEHNE KOMNAEKCHO20 YUCAA
z GyaeM NOHMMAaTh YroJ p M ODO3HA4YaTb Py = argz, TOrJa
@ = argz + 2nn = Arg 2.

2(z,y)

Puc. 1

Boipaszum arg : uepes J1eHCTBUTEIBHYIO HACTb T W MHHMYVIO
Hacrn U KOMILICKCHOI'O ‘T¢I 28
y
arg s = arctg—. >0
£
Y
argz=7m+arctg=, y=0,r<0
T

argz = —7r+arctg%, y<0,z<0
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Jna Touku z = 0 yron He ompezaejieH. Ecaum yucna 3ana-
Hbl B TPHIOHOMeTpPHYecKoii dopme 2z, = |zi|(cosy, + ising;),
22 = |z2|(cos 2 + Esinps), TO

21+ 22 = |21 - |22| (cos(pr + ) + isin(p1 + 2)) .
B vactHocTH, eciiu n € N u 2 = |2|(cos ¢ + isin ¢), TO
2" = |z|"(cosnp + isinnyp) .

Orta GopMysia HocUT Ha3BaHue @opmyave Myaepa. Ilonoxum
|z| = 7, cosp + ising = €% (B mambHefimem 6Gyaer o6bAcHeHa
dbopmyna Ditnepa ¥ = cos p+isin ), Torna z = re*¥, 2" = rtei"?,
CoBOKYIHOCTb BCEX TOYEK 2 HAa IJIOCKOCTH Ha3bIBalOT XKOM-
naexcHoll naockocmvro u obosHadaror C. Och Ox Ha3bIBalOT
seujecmeentoli ocvio, ocb Oy HA3BIBAIOT MHUMOT 0CHIO.

Crepeorpadnueckas npoeKuus

Bo muorux Bompocax Teopuu (yHKIU# KOMIUIEKCHOrO mepe-
MEHHOr0 HapsAy ¢ KOMILIeKCcHoit miockocTbio C paccMarpuBaercs
pacuInpeHHas KOMIUIEKCHAS MJIOCKOCTh — COBOKYIHOCTb BCEX KOM-
IUIEKCHBIX 4YHCeJ ILIIOC GECKOHEYHO yHajieHHas Touka (00). drta
IUIOCKOCTb 06o3Hauyaercst depes C. Kak Moxno TpakroBars C?
JJist 3T0r0 BBOJUTCS MOHATHE cMmepeozpaduieckoti nPpoexyuy — KaxK
B3aMMHO OiHO3HAHOC oToOpazxenue C na chepy Pumana. A nmen-
HO, PACCMOTPHM TPEXMCPHOE HPoCTPaneTBo (€.1). (). U B HeM - cde-
py (cpepy Poviana) (pue. 2):

g€+ + =

Lentp chepst — Touxka O(0,0,1/2), paauyc pasen 1/2, a Touxa
P(0,0,1) - nomoc.
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Kommekcnyio mnockocts C COBMECTHM € IUIOCKOCTBIO (€, 7))
TaK, 4TOOb! AeHCTBUTE/IbHAS OCh COBMAJa C OChI0 &, a MHUMAd — C
ocbio 7. PacemoTpum Touky 2z € C, z = x + iy. CoequHuM TOYKY
z ¢ noJitocoM P u pacCMOTpUM BEKTOPbI 1_32, PM , rie M - Touka
nepecedenus npamoit Pz n cheps Pumana:

m = (577]9C- 1)7 172) = (.’L',y,—l)-

Tax xak PM | Pz, 1o

—é- = —72 = -—-——C _ 1 = a’
xT Yy -1
oTkynma nojayvyaem: E=ar,n=ay,(=—-a+1.
¢
(& n¢)
n
2(x,y)
€
Puc. 2

Hoacrasny koopwmuarn (€. 1. () B vpasuenue cdepnt Punana:

A+ )+ (a-1)?=-a+1 - A +¥)=(1-a)a —
1

2
=1_— = —
alz| a — «a T5 P
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Urak, ;
z ne Y ¢= |2
1+ |22 1+ |2|?’ 14|22

Touka M(€,n,() Ha3biBaeTcs cmepeozpadunecroli npoexyuet
mouku 2z = x + iy KoMmIekcHo# miuockocru C. TeMm caMbiM ycTa-
HOBJIEHO B3aMMHO-OJHO3HAYHOE cooTBeTcTBHe MexKay C u cepoit
Pumana ¢ nmosocom B Touke P(0,0,1). BeckoHeuHo ynaseHHOMH
Touke (00) coorBeTcTBYeT TOYKa P.

Hokasarb, uto p.(2,2) = 1 -2l
\/1+|21|2\/1+| 2|2

— paccrosgHHe MexXJy crepeorpadpuueCKMMH MPOEKIUSIMU TOYEK
21 = 7 + WY1, 23 = To + iYs B TPEXMEPHOM MPOCTPAHCTBE.

Bamaua 3.| Jokasarb, 4To npu crepeorpadgpuueckoil npoexiuu

NpsiMbie U OKPY>KHOCTH HAa KOMILIEKCHON MJIOCKOCTH IEepeBOAsATCS
B OKpy>KHocTH Ha cdepe Pumara. 1 o6parHo: j106ast OKpyKHOCTb
Ha chepe Pumana siByisiercsi 06pa3oM NpsMO# WM OKPY>KHOCTH
Ha KOMILIEKCHOH NMUIOCKOCTH MpHU cTepeorpaduyeckKoil 1poeKiuu.

£=

MHo>xecTBa Ha KOMILIEKCHON NJIOCKOCTH

PaccMoTpuM  mocs1e0BaTeIbHOCTD  KOMIUIEKCHBIX — YHCeJI
{22}, 20 € C. Tlo onpeaesenuio nocJjenoBareibHoCTh {2,} cxo-
AuTCH K KoMmjekcnomy uucay 2 € C, ecam ais joboro € > 0
cymecrsyer N(¢€) takoe, 4yto ajs Joboro n 2 N(g) umeer Mecto
|zn — 2| < g. C uenoanssoBanent ksanropos seeobnuocru (V) u
cviecrsoBanus (3)  apuBeennyio Buuie POPMVIARPOBEY  HOCIC
CA0BA TeCTTHT MOANRO 3alHcath B BIL e (POPMY.IbL:

Ve >0, IN(e), Vn 2 N(e): |zn— 2| <e.

Teopema 1. Jaa moz0, wmobw mnocaedosamesviocmsd {z,},
Zn = Ip + tYp, CTOOUAACH K KOHEUHOMY npedesy z = I + 1y,
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teobTodumo u docmamonno, 4mobv nocaedosamenvrocmu {T,} u
{yn} czoduaucey: lim x, =z, hm Yn =Y.

n—oo

OnpegeJieHne. l'Ioc.ne,rmBaTe.nbuoc"rb {2} HasviBaerca Pyndamen-
maavHotl, ecin

Ve >0, dN(g), Vn 2 N(e), VpEN: |24, — 24| < €.

Kpunrepnit Kommu. W /[aa mozo, umobw nocaedosamenvrocmo
KomnaexcHuT wucea {z,} crodusacy k¥ Koneuromy npedeay, Heob-
Z00uUMO U JOCMAMOuHO, 4Mobv ona bvia Pyrdamenmarvbro.

Samenanue. JokazarenbcTBO Teopembl 1 um Kpurepus Komm
JIEFKO IOJIyYUTh, €CJIM MCNOJIb30BaTh HEPABEHCTBA, ClpaBe/JInBbie
i moBbIX IBYX KOMILIEKCHBIX wmced. IlycTb 2, = x; + iy,
29 = Ty + 1Yg, TOTAQ

|21 = 22| 2 |T1—2Z2]; |21— 22| 2 |Y1—12]; |21— 22| < |21 — 22| +|y1 —2|.

st cXoasImMXcsl NMOCJIeOBaTe/IbHOCTE! CIpaBelJInBbI CJIEAY-

oupe TeOpeMhl.

Teopema. ITycmov hm 2z =2, lim 2}l =2";

n—oo

moezda lim (2, £ 2)) = 2’ £ 2".
n—0o
Teopema. ITycmo lim 2], = 2/, lim z] = 2";
n—oc n—o0

MMy — o

’ n
~nl — ~ .

.~
~

mozda lim (2],
n—xx

Teopema. [Tycmun “ll‘l.ll o= "hm M=

/ !

moeda lim -2 = =,
n—ac 2l 2!

HokazarenbcTBo TEOpeM CJICAYEeT U3 TOro, 4YTO COOTBETCTBYIOUIHE
TeopeMbl CHpaBeJJIUBBLI AJid MOCJeA0BaTeJbHOCTEH AefiCTBUTEb-

HBIX yHCeJsi, U U3 TeopeMnl 1.

-
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MruoxectBo E' C C Ha3biBaeTC 02paHu4eHHbLM, €CITH
M >0, VzeE: |zl <M.

CupaBegusa TeopeMa Boasnano-Beiiepmirpacca: u3
J060if OrpaHHYEHHON MOCJIeJOBATEJLHOCTH KOMILIEKCHBIX YHCeJ
MOX>KHO BBIOpATh CXOASMLLYIOCS MOATIOC/IeI0BATEIbHOCTD.

Onpegenenne. MuoxectBo Us(z) = {2 : |z — 2] < €}, € > 0,
Ha3bIBACTCS £-0MKPUMOT OKPECTIHOCTIVIO MOYKU Zg. ITO €CTh OT-
KPBITHIA KPYr C IEHTPOM B TOYKE 29 M PAJUyCOM E.

Touka 2z, Ha3bIBaeTcsa npedeavhoti mouxot muoxectsa E C C,
ecJid

Ve> 0,3z € E, 21 #2: 2 € U(20)

NI
3{zn}7 2n € E, nlg{olozn = 20y 2n # 20 -

U3 reopemnl Bosbnano-Beftepmrpacca cieayer, 4ro a1060e 6ecko-
HEeYHOe OrpaHUYeHHOe MHOXKECTBO HMMeeT o KpaliHelt Mepe OIHy
npeAebHYIO TOYKY.

£-OKPECTHOCTbIO GECKOHEYHO yJa/IeHHOM TO4YKH (00) Ha3biBaeT-
cst MHOXKecTBO To4ek U (00) = {2 : |z| > €}.

loBopst, yto lim 2, = 0o, ecian
n—oo

Ve > 0. AN(s). Vn 2 N(g) : |z0| > £
Muoxkecerso E uxieer > npeieinnoii roukoii. e
Vs>0.3z€ E : |z| >«

PaccmorpumM C - pacumpeHHYI0 KOMILIEKCHYIO [JIOCKOCT.
CupaBenJiuBa,
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TeopeMa. Jloboe becxorewroe mrnoscecmso E C C umeem no
xpatineti mepe 00HY NPedeabHYI0 MOUKY.

Joka3zareabcTBo. Ecin MHOXKecTBO E — OrpaHHYeHHOe, TO 3TO
cneayeT u3 TeopeMbl BosbnaHo-Beitepmrpacca. Eciaun MHOXKecTBO
He orpanudenHoe, 70 3{z,} C E : nl_l_'ILIO 2p = 00; CIENOBATeJbHO

0 €eC - npezejbHas TOYKa.

Onpe,ueneﬂne. MHo>xecTBO Ha3bIBaeTCS 3AMEHYMBIM, €CJIH OHO CO-
JEP>KHUT BCE€ CBOM NpeleIbHbI€ TOYKH.

Onpenenenne. MHoxecTBo E Ha3biBaeTcsl 3amuikaHueMm MHOI’CE-
cmea E, ecou E C E u E conep>KuT Bce npelesibHbie TOYKH MHO-
)kecrBa F. Takum obpa3om, E — Bcera 3aMKHYTOe MHOXECTBO.

Onpenenenne. MHoXKecTBO OF Ha3bIBaeTCsl 2panuyeti MHOIHCECTEa
E, eciu

OE=EN(C\E),
WJIH, 4TO TO XK€ CaMoe,
Ve >0, V2o € OF, Iz, € E, 3%€E : 2 € U.(2), 22 € Ue(2) -

Onpenenenne. MuoxkectBo E C C Ha3biBaeTcs KOMNAXmMoMm, eCiiu
OHO 3aMKHYTO€ H OrpaHH4eHHOe.

Onpenenenne. Muoxkecro O C C Ha3bIBaeTCs omxpumuiM, €CJIn

Vze O, U(z) : U(z) CO.

Onpenesenne. Touka 2 HA3BIBACTCS GHYyMpPerKeti MmouKkoti Muoice-

emea E C C. ccom evimeersyer U.(z) C E. Takua o6pason. s
OTKPLITOro MHOKCCTBA () BEC TOUKH YTOI0 MIOAKCCTBA SIBISIOTCS
BHNTPCHITHAK.

JAst 3aMKHYTBHIX U OTKPBITBIX MHOXKECTB CHPaBE/IUBbL CJIe/1y-
IOL1e YTBepXKAECHHS.
I. Koneunas cyMma W/iu KOHEYHOE nepecevyeHrie OTKPbITHIX MM 3a-
MKHYTBIX MHO>KECTB €CTb MHOXK€CTBO OTKDPBITOEe HJIH 3aMKHYTO€, a
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AMeHHO 1ycTh O; — OTKPhITOE MHOXKECTBO, F; — 3aMKHYyTOE MHOXKe-
ctBo, © € N, n € N. Torza

n n
N O; — orxpbiToe MHOXKeCTBO; [ F; — 3aMKHYTOe MHOXKECTBO;

i=1 i=1
n

n

U O; — orkpsiToe MHOKecTBO; | ) F; — 3aMKHYTOe MHOYKECTBO.

i=1 i=]

II. U O; - orkpbiToe MHOXKecTBO; [ F; — 3aMKHYyTOE MHOZKECTBO.
i=1 i=1

IIycroe MuoxecTBo n C — 0HOBPEMEHHO H 3aMKHYThIe, H OTKDbI-

Thie MHOYKECTBA.

TCoBopsT, 4TO cuCTEMa OTKPLITHIX U 3aMKHYTHIX MHOXKECTB Ha
koMmmniekcHo# miockocrn C, C onpenensiior monosozur. Tonomo-
run B C u B C pazmmunpl. Hanpumep: cama miockocrs C B To-
nosiornt C - OTKpHITOE ¥ 3aMKHYTOC MHOXXECTBO OJHOBPEMEHHO,
#o C B Tonosiornn C He ecTh 3aMKHYTO® MHOXKeCTBO. MHOXeCTBO
E - orpaHuueHnoe u 3aMKHYTOE -- eCTh KOMNakT B C; MHOXKeCTBO
E - 3amKnyTO€, HO He 0043aTe/IbHO Of pAHMYEHHOe — MOXKeT ObITh
xomnaxToM B C (onmpeaeneHne KOMIAKTHOrO MHOXKECTBA B TOTOJIO-

TUYeCKOM NMpPOCTPAHCTBe OyJeT JaHO HUXKe).

Onpenesnenne.. CKaxkeM, 4TO CHCTeMa OTKPHITHX MHOXecTB {O}
obpa3syer omxpumoe noxpwmue mhoxcecmea E, ecnn

V=€ E, 30, € {0} : 2z€0,.

Jlemma Teltne-Bopensa. U3 aobozo beckornennozo omxpumozo

nokpomus {O} xomnaxma E mooncno evdesums xonewnoe noono-
NpouLInaLe.

Hoxka3zareabctso. [Tpeotoximt upornsnoe. TIvers eviecrsy-
er Geekonetnoe orkporroe nokpuirie {O} koamakra E, w3 koro-
POFO HEJIb381 BBLICTHTL KOHCUHHOrO NoAuoKphiths. Tak kak E -
KOMIIaKT, TO OHO orpannueno. Toraa E MOXKHO 3aK/TI0YHTb B He-
KOTOPbIHi 3aMKHYTBIfi NPAMOYrojibHMK M) CO cTOpoHaMH, mapaJ-
JIEJIbHBIMH OCIM KOODJMHAT Ha MJIOCKOCTH (puc. 3).
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N
NS

Puc. 3

Pa306beM npsiMoyroabHUK M) Ha YeTsipe NpSMOYToJIbHUKA, POBe-
Jig psIMble, NapaJIJie/IbHBIe OCAM KOOPIHHAT U MPOXOJAdIHe uepes
cepeiuibl CTOPOH mpsiMoyroiibHuka My.. U3 atux vernipex nps-
MOYTOJIbHUKOB MOXKHO BBIOpaTh Takol mnpsamMoyroibHuk M,, 4to
ans My (| E se cymecTByer KoHeuHoOro nojamokpeitus. IIpomos-
JKMM MPOILECC NOCTPOeHHs NPAMOYTOAbHHKOB, ucxons u3 M, . By-
JeM HMMETb MOCJIeJOBATEILHOCTh NpsAMoyroibuukoB {M,}, M, -
3aMKHYTOe MHOXeCTBO, M1 C M,, npuuem E (M, He umeer
KOHeYHOro noAnokpoitus muoxkecrsamu {O}. Tax kak pasmepsi

o0
NPSIMOYTOJbHEKOB M, cTpemsTcs K Hymo, T0 (| M, = 2, 20 € E

(r. k. E - 3amknyroe MuoXxectBo). [lo ycnosuio cucrema {O} -
OTKPBITOE IIOKPBITHE, CJIEJOBATEJIbHO, CYLIECTBYET OTKPHITOC MHO-
xectso 0., C {O}. 2 € O,,. Tak kak 0., OTKPHITOE MHOKCCTBO.

<
10 evinecrsyer U.(z) C O, 0 2 = () M,. Orcioga caciayer
n-=l
evueerBoBanne npsiiovroasiuka My C U.(z) C O, nosrony
EN My C O, - noayunin nporusopeuue ¢ uocrpoenuem {Af,}.

3agaua 4. [Tycrs MHOXKecTBO E C C TakoBo, 4T0 414 J1106010 OT-

KpbiTOoro nokphitust {O} MHOXKecTBa E MOXKHO BBILAEJIHUTD KOIEYHOE
noxnokpeitue. Ciaeayer ju orciona, 4to E ecth KOMMAaKT?
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Omnpenenenne. MHokecTBo E B TONOJIOFNY€CKOM MPOCTPAHCTBE Ha-
3bIBACTCH KOMNAKINOM, €CJIH U3 JII060r0 oTKpbiToro nokpuitust {0}
MHO>KecTBa F MOXKHO BBIJIeJIUTh KOHEYHOE MOANOKPBLITHE.

Jlemma Teitne-Bopesns noka3siBaer, 4YTO JJisl KOMILJIEKCHON
minockoctu C aTo onpeneneHre KOMINAKTa 3KBHBAJIEHTHO OIpPaHM-
YEeHHOCTH M 3aMKHYTOCTH.

Onpenenenne. MHOXKecTBO F B TONOJIOrMY€CKOM NTPOCTPAHCTBE Ha-
3bIBAETCS CBA3HBM, €CJIH U3 TOTO, 4YTO F npeiacTtaBuMo B BHIE

E=51UE'-2, Ey#0, E, #0, ElﬂE2=@

cnenyert, uro un Ey (N Ez # 0, wmu E; N E; # 0.

Onpenesnienne. MuoxectBo D Ha3biBaeTcst 064acmuvlo, €CJIH 3TO

MHO>XECTBO CBSI3HOE M OTKPBLITOE OJiHOBpeMeHHO, D — 3aMKHyTas
o0s1acThb.

Pacemorpum D C C. das obnacreit D C C cBsI3HOCTh 9KBHBa-
JIEHTHA CJIEAYIOIEMY ONpele/IeHHIO.
Onpenenenne. Muoxecrso E Ha3bIiBaeTCsl CBA3HBIM, €CJIU I JIIO-
ObiX 27, 2o € E cyniecTByer JioMaHas, COCTOAIAS W3 KOHEYHOrO
YHCJIa NPSMOJINHEHHBIX OTPE3KOB, HCIMKOM NPAHALIEAKAIHX MHO-
x)ecrBy F.

B obmem ciiyyae nocseanee onpegeseHue CBSI3HOCTH He SKBH-
BAJICHTHO ONPEICJCHHIO CBA3IIOCTH B TOHOJIOPHYCCKOM HpOCTpat-
CTBC.



O YHKIINN

KOMIIJIEKCHOTI'O ITIEPEMEHHOTO. 2
HEITPEPBIBHOCTBb N
ANPPEPEHIINPYEMOCTD.
IT'EOMETPUYECKHUMN CMBICJI
APIT'YMEHTA ¥ MOAYJI IPOU3BOOHON

neKyuns

ITycrs mMuoxectBa E,F C C, touka z € E, a Touka w € F
(puc. 4).

Puc. 4

CxameM, 4YyTO Ha MHOXecTBe F 3aJlaHa l(ﬁynx:uwl KOMNAEKCHO20|

pepesizonzad f (), can
VzeFE, JweF : f(z) =w.

Muoxeerso F nassisacrest obaacinnio usmenenus pyvukimn f(z),
cemVu € Fo 32 € E: f(z) = w. Boodine rosops. Kas toay 2 & 1
MOZKET COOTBCTCTBOBATL 0,10 Han GoJee suadcnnii w @ f(z) = w.
Ecnn Takoe 3Hauenue w  c/juicrTBeniHoe, 10 f(2)  oduosnaunan
Pynxyus, B IPOTUBHOM cliydae — Pynxyus mrozosnaunas. Hanpn-
Mep:

1. f(2) = 2", n € N - ognosnaynas ¢ynkuus na F = C.
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2. f(z) = /z,n € N. Tlo onpeaenenuio 4ucIo0 w ecthb {/z, eciu
w" = z. Ilycts z = |z|(cos ¢ + isin @) = |z|(cosarg z + ¢sin arg 2)
— TPUrOHOMeTpHYecKasi 3aliCh KOMILIEKCHOTO YHMCJIa, TOrAa

1) = 2= el foos (MEELIME) oy (MEELINEN],

n

k=0,1,2,... ,n— 1. ®yukuus {/z MHOro3HauyHasi, a KIMEHHO, n-
3HauyHasl DYHKOMA: KaKAOMY 3HAYeHHIo 2, 2 # 0, COOTBeTCTByeT
n pa3nn4Hbix 3HaveHndt f(z). DyHkuus {/z onpexeieHa Ha Bcell
KoMiuiekcHo# miockoctu C u gaBasierca obpaTtHo#t k GyHKuuu 2".

DynKkuus Ha3biBaeTCs €CJId OHA OCYIIECTBJISET
B3aMMHO-OIHO3Ha4YHOE OTOOpakeHne MHOXKecTBa, F£ Ha MHOXKECTBO
F. Ilpumep: f(z) = 2", n € N, n > 1 He aBAseTcss OAHOJUCTHOHN Ha
C, Ho ecau B KayecTBe E B3aTh MHOXecTBO E = {2: 0 < argz <
-277"} — yroJ pacTBopa 2;”, T0 Ha MHOXecTBe E dbynkuusa f(z) 6yaer
OJHOJIUCTHOIM. : ‘

B panbHelimeM, ecau He OroBopeHo ocobo, OyneM paccMaTpH-
BaTb OJHO3HAYHBbIE PYHKIHH.

Ilpenenbroe 3Hauenne GpyHKIUN B TOUKE

ITycty f(z) onpenenena Ha MHOXecTBe E, 1jii KOTOPOro 2 —
npenensHas Toyka. OmnpeneneHne npeaeabHOro 3HayeHusi QPyHK-
uuu mo Ko u 3anuce lim f(z) = w osnauator:

=20

Vo> 0. 33(2)>0. V2€E: 0<|z=—2|<d - [flx)—w| <=

IIll()l',-'lﬂ HULINY'T lill[l f(:) = w, KorJla XOrdT HO/MCPKHYTD, 4TO pac-
el
=20

CMATPHBAIOT NpeJebHoe 3HaYyeHHne PYHKUHMHU MO0 MHOXKecTBY E.
Mycts 2 = z + iy, f(2) = u(z,y) +iv(z,y), 20 = Zo + i¥.
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Teopema 2. [as mozo, 4¥mobu cywecmeosas npedes lim f(z) =
2—20

‘w = a + ib, neobzodumo u docmamouno, wmMobv. CYULLCMBE06aAY
npedeant
mlgg u(z,y) = a, :}_l_glo v(z,y) =b.
y—y0 y—Yo
JIoKa3aTeJIbCTBO ClieAyeT M3 BHIOJHEHHS CJIEAYIOIMX Hepa-
BEHCTB:

lu(z,y) — al < 1£(2) — w| = \/(ulz, y) — )* + (v(z, ) — b)’
< Ju(zy) — ol + Jo(z.y) — b,
1£(2) = w| > [u(z,y) — al.

IMycrs hm fi(z) = wy, lxm fo(2) = wo; Torma cnpaseUBBI
CEAYIONHG yTBepPKACHUST:
1. lim [f1(2) £ f2(2)] = w1 £ ws.
220

2. lirn [fl(z) - fo(2)] = wy - w.

3. Ecnu wq # 0, TO hm ﬁ-;—%
JlokazarenbcTBa 3THX yTBepm,u,eHnﬁ cne,uym U3 CNPaBeAJIMBOCTH
COOTBETCTBYIOIIMX yTBepXAeHn#H g byHKuul AefcTBUTENIHHOrO
NepeMeHHOro U U3 TeopeMbl 2.

-Onpenesienre npeaeabHoro 3HavyeHus ¢pyHkuun no leline u 3a-
much lim f(2) = w o3nagaior:

Z—29

V{z,} CE. =z, # 2: "121; =2 — lim f(z,)=w.

n—x

()ll])(‘,'l(‘.‘l(‘llll)l HPEICTHLHOrO 3Hatictist no K()Illll H 1o r(‘ﬁll(‘ IKBU-
BaICIHTHDL.
Onpeaeaenns:
1. lim f(z) =
lim £()

z€E

Ve >0, () >0, VzeE: 0<|z—2|<d — |f(z)]>e.




24 Jekunsa 2

2. lim f(2) =w:
2€E

Ve>0, 36(e) >0, Vz€E: |z2|>F — |f(z)—w|<e.

3. lim f(z) =o0:
zzeE

Ve >0, 3(c) >0, V2€E: |2|>8 — |f(2)|>e.

|Henpepbmnoc'rb bysknun B 'roqxel

[Mycts dynxuus f(z) onpenenena na muoxecrse E C C, Touka
29 € FE, 2 — npenenbHasa Touka mHoxecTBa E. Ilo onpenenenuio
dbyukuusa f(z) nenpepwena 6 mouxe zy, €y CylleCTByeT

lim f(2) = f(z0)-

WHorpa rosopsTt, yro dbyHkuus f(z) HenpepbiBHA B TOuYKe 2y MO
MHOXKecTBYy E. ®yHKuus, HenpephiBHas B KaXkJo# Touke z € F,
Ha3biBaeTcd ¢yHkuuei, HenpepuiBHOK Ha MHOXxectBe F. Kinacc
HenpepbIBHBIX dyHKUMI HA MHOXKecTBe E O6ynem obosnadars C(E).

Teopema 3. [Jas mozo, wmobw dynxyus f(z) = u(z,y) + wv(z,y)
bvia Henpepuiena 8 mouxe zy = xg + Yy, HeobTodumo u docma-
mouno, ¥mobwu deticmeumenavnvie Pynxyuu u(x,y) u v(z,y) buau
nenpepueHn. 6 mouxe (ro. yo).

:.I()K?i'%?l’l‘(‘.'lI)("I'B() CACSINVET 13 TCOPeNDLI 2u ONpe e ICHUA HeHTPe-
poisioii gy nkiun.
CsaolicTBa HenpepbIBHBIX PyHKIuk

[Tyctb dynkunn f(z), g(z) HenpepbiBHB B TOYKE Zp; TOTAA
1. f(2) £ g(z) HenpephIBHBI B TOUKe 2.
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2. f(2) - g(z) HenmpepsIBHA B TOUKE Zp.

f(2)

3. Eciu g(2) # 0, To byHkuns z}—(—-z—)— HelpepbuiBHA B TOYKE 2.
4. Cynepno3uuusi AByX HeNpepbIBHBIX (YHKIMHA €CTb Hemlpe-

phiBHasi GYHKIMS, & MMEHHO, CHPABEAJINBO CJIEAYIOLIee.

IMycts dynkuus f(z) onpenenexa Ha mMuHoxecrBe E u Henpe-
phIBHA B TOUKe 2y, 29 € E. MHoxectBo E otobpaxaerca dpyHk-
nueit f(2) B MuoxkectBo F' : wy = f(29), wp € F. @yuxuus g(w)
onpezesieHa Ha MHOXecTBe G M HenmpepbiBHa B Touke wy, F' C G.
Toraa dbyuxuus g[f(z)] ectb dyHKuHs, HenpepbIBHAS B TOUYKE 2.

Onpenenenue. @ynkiys f(2) Ha3bIBAETCS PAGHOMEPHO-HENPEPBLEHOT
Ha MHOXKecTBe F/, ecin
Ve >0,30(e) > 0,V21,20 € E: |21 — 22| < 6 — | f(21) — f(22)| < &

Teopema 4. Jas mozo, umobw dynxyus f(z) = u(z,y) + iv(z, y)
60Aa PABHOMEPHO-HENPePueHoT Ha Mmuooicecmee E, neobrodumo
u docmamouro, wmobw u(z,y) u v(zr,y) Owau pasromepho-
Henpepuenv Ha muoocecmee E.

CsoiicTBa HenpepbIBHBIX DyHKuM# Ha KoMnakre F

[Mycts dynknua f(z) C C(E); roraa

1.|f(2)| - orpanuyennas pynkuus na E.

2. | f(2)| mocTuraer cBoeit BepxHeil u HuXKHei rpanu Ha E.

3. f(z) - paBHOMepHO-HenpepbiBHas dyukius Ha E (Teopema
Kanropa).

Jokasareanersa ITUX VTBOPZAICHHI CAGYI0T W3 FeopeMbl
0 BLITOTHCHRS  COOTBOTCTBVIONNX  VTBepAcnnii List pynkumil
u(r.y).e(r.y).

Ancddeperuupyemocts pyHKIMHA
Ilycty f(z) onpenenena Ha Us(2), 6 > 0. Ecam cymecrByer

npenen lim M
2—20 Z—2

, TO 3TOT NpeEJE HA3bIBAIOT NPOU3600HOT
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dyukuun f(z) B TOUKe 2 U 0Go3HavaoT f'(2).

IMonoxum f(z) = u(z.y) +iv(z,y), 2=z + 14y, 20 = Lo+ Yo A
Af = f(2)=f(20), Af = Au+iAv, Az =2—2, Az = Azr+ily,
rae Au = u(z,y) — u(zo, Yo), Av = v(z,y) — v(z0,%), Az =
T —1x9, AYy=y— Y.

[peamonoxum, uro cymecrsyer f'(2); Torma %Jz: - (%) =
o(1), AlizI_I}o o(1) = 0. CaepoBarensio, Af = f'(29)Az + 6(1)Az.

Omnpenenenne. @ynkuus f(z) HasviBaerca duddepenyupyemot,
eciu npupawmenue Af = AAz + 6(1)Az, Alimoé(l) =0, Amne
22—

3aBucuT ot Az.

Urak, ecan cymecrsyer f'(2g), To dynkuns f(z) nuddepenip- |
pyema; ecsim ona Juddepenuupyema, To cymecrsyer f'(z9) = A.

U3 audpdepenuupyeMocTu ciieyer HempepbiBHOCTL — JOCTa-
TOYIO HAMTH Ali}_t}() Af = AliIBO(AAz +0(1)Az) =0.

yers f (z)b - nucpdpepenuupyemas byHKIUsA B TOYKE 2o, T. €.
Af = f'(20)Az+06(1)Az.

O6o3naunum f'(2) = a + b, 06(1) = 6y(1) + i62(1), npuuem
a2y (1) = fim, (1) =0. |
Nmeem

Au + iAv = (a + ib)(Ax + iAy) + [61(1) + i02(1)](Ax + iAy),
oTCI01a

v =ade —bAy+0,(1)Ar — 0,(1)Ay.
A =bAr+ady+ o ()Ay+ox(1)Ar.

Tak kak Az — 0, 10 Ax — 0u Ay — 0. Iloavuaenm, uro pyHKiMH
u(x,y), v(z,y) auddepenuupyemsl B Touke (To,Yo) ¥ IPH ITOM

' _ 1 _ ' ' _ ' R 5
U =a, u,=-b v,="b, v,=a, f'(z0) = uy, + ivy,
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HIIH

Uy = Uy, Uy = —Uy : (1)

DTH YCIOBHS HA3BIBAIOT YcA0euamy Kowu-Pumana WM yYca06UA-
mu Jtsepa-arambepa.

Ycnosus (1) uMeoT OCHOBoOIOJAramliee 3HAYEHHE B TEOPHH
aHAIMTHYeCKNX DYHKUUA H B NPHIOKEHHSX 3TOH TeopuHM K
3aja4aM MexaHuku  ¢usuku. Ilo Tpaaunun ycnosus (1) Hasm-
Baiorcs ycioBusimu Komn-Pumana MaremaTnkamu, a MEXaHHKH U
dU3MKN Ha3BIBaIOT HX yciousaMu JanamGepa-Ditnepa, Tak Kak
euie B 18 Beke anambep (/’AnambGep), a norom u Disiep usyya-
JI1 3TH YCJIOBMSl NPUMEHHMTE/IbHO K BONPOCAM TI'MIPOIMHAMHKH,
Kaprorpachbun U HHTErpajibHOMY HCYHCICHHIO.

I[Tpeanonoxum, uro pynkunu u(z, y) u v(z,y) An(bd)cpenunpy-
eMbl B TOYKe (I‘(),JQ) M BbINOJIHEHDI ycnomm (1).

Myers w, =a=v,, u,=-b=
Hmeem A
Au = aAz — bAy + 6,(1) Az + 52(1) Ay,

Av = bAzx + alAy + 03(1)Az + 84(1) Ay,
lim 6,(1) = Alirllo 02(1) = Aliulo a3(1) = Ali-IEO 04(1).

Az—0

‘Ay—-»O . Ay—0 Ay—0 - Ay—0
Orciona
Af = Au+iAv

=adr —=bAy+ o, (1)Ar + 0, (1) Ay + ibAr
+iady + o (D)X -+ io (1) Ay
Nt iby+ Ay(- b+ ;,,)-4-;,-((:,‘( ) iog( ] )) £y (( Do (] ‘,)
+

= (a + ib)(Ar + iNy) + A.r(u,(]) + -;z;g(x)) _\,,(02(1) oy 1)).
Tem canpim

L =arivt L2 (a0 + i) + 2L (50 + o).
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Tak xak |Az| < |Az|, |Ay| < |Az], 0

Af
. _ 9 o — ot i = o it = 2 —i! = 2 iny
Alirgo s = a+ib = f'(20) = up+iv, = v, —iu, = Up—iu, = v,+iv,.

Wrak, moka3zaHa TeopeMma

Teopema 5. [Jasa mozo, umobw dynxyus f(2) = u(z,y) + iv(z, y)
bwaa duddeperyupyema 6 mouxe 2y = Ty + iy, HE0OTOOUMO U
docmamouno, wmobw dynxyuu u(r,y) u v(z,y) 6wau duddepen-
yupyemu 68 mouxe (Lo, Yo) U BUNOAHAAUCH Ycaoeus Kowu- Pumana.

CsoiicrBa anddepennupyemMbix byHKImk

[Tycrs cymecrByer f'(z), g'(20); Torma cnpaBemiuBel ciaexy-
IOLIME YTBEPXKICHHS.

1. Cymectsyer [f £ g’ = f'(20) £ ¢'(20).

2. Cymecrsyer [f - gl;, = f'(20) - 9(20) + f(20) - ¢'(20)-

3. Ecum ¢'(2) # 0, To cymecrByer

([ )’ _ f'(20)9(20) — f(20)9'(20)
9/ §*(=) '

4. Ilycre Gyukuusi f(z) onpeneaena B Us(z),d > 0, mycrb
f(z0) = wo n cymecrsyer f'(z). [Ipu stom dpynkuus f(z) nepeso-
awr okpectiiocth Us(z) B Mnoxkecrso F, wo € F, F C Uy, (wy).
Ha muoxecrse U'dy(wyg). 4, > 0. onpesieacna dyukuust g(w) v cyv-
meersyer ¢'(wy). Tora evuepuonuma g f(2)]  uidgepenmnpyena
B FOUKC 29 11 HPH 9TOM

WD = o' (wo) f'(20).

5. Iycrb dyukuust f(z) onpenciaesa B Us(z), 6 >0, u
f'(z) # 0, f(20) = wo. [lyctb byukuus f(2) orobpaxcaer B3aum-
Ho oanosnauno Us(2o) na Uy (wo), 0y > 0. Torna, ecnu pynknus,
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obparnas K ynkuun f(z2) — @(w) = 2, HenmpepbIBHA B TOUKE
wp, TO cyuiecTByer ¢ (wp) = f'_(lzoi
Joka3zareanctBo. PaccMorpum npenen

. p(w) —p(w) . 1 ‘ !
lim 22 270 = lim s
wtw  w—wy  wew __W—W 2% F(2) — flz0)
p(w) — p(wo) z = 2
1 1

E R T e

2—29 zZ2—=2

IIpn goka3zarenbCcTBe Mbl MCIOJB30BAJIM MO CYIIECTBY B3aMMHO-
OJHO3Ha4YHOe OTOOpakeHue (w # wy, 2 # 2p) ¥ HENPEPBIBHOCTb
dyukun p(w) B Touke Wy (M3 yCAOBUS W — Wy CIEAYET Z — Zp).

I'eomeTpuueckuii cMbic/I apryMeHTa nmpou3BoaHOM

Paccmorpum nenpepbisayio kpuByio AB (puc. 5): = = A\ (t),
Y= A(t),t € [@, 8], t- zelicrBuTenbublit napamerp, Ay(t), Ao(t) €
C(la, 8]). Torma 2z = x + iy = A (¢) + iAa(t) = A(t) — kKoMILIEKCHO-
3HaYHas YHKUKS JeHCTBUTEIBHOIO MNE€PEMEHHOTO.

2]

Puc. 5

Ilycrs BO3pacTaHuio mnapamerpa ¢ COOTBETCTBYET JaH-
HOe HampaByieHHe OoT TOodku A K Toyke B. Bo3bMmeMm TouKH
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20 = Mto), 21 = A(t1), to < t, Ha kpuBoit AB. IIycts cymecTByer
N(tp) # 0. BekTop z; — 29 MMeeT Takoe »Ke HalpaB/eHHe, KaK H
_

21— 2

. 21 —
BEKTOD (t . Tak Kak cymecrByer lim A% _y (to) # 0,

1= t0 t1—to tl - to

To arg N'(ty) =

. 21— 20
lim arg npu ycaosuu, 4to N(ty) He
t1—to t, —to

ecTb oTpunareabuoe yucyio. Eciu N(t) < 0, To, BooOuie rosops,

tlintl arg (%{fﬁ) MOXKeT He CyliecTBoBarb. lorza Mbl OyaeM
1—l0

nucatb Arg N (tp) = tlirrtl Arg (f—f}f—?), NOHMMasl 3TO PaBEHCTBO C
1—lo .

TOYHOCTBIO 10 27k, k € Z.

Urak, arg X'(fp) ecTb yroa HakKJIOHa KacareJbHOIQ Jy4a, HCXO-
JSIIEro M3 TOYKH Zo, C MOJOXKHUTEJIbHBIM HanpassienueM ocu OX.

Paccmorpum dynkumio- f(z), 3amannyio Ha obnactu D, Tou-
Ky 2 € D u paccMOTpMM JBe HempepbiBHble Kpubble (pHc. 6)
z=Mt), z=0(t), t€ [o,p)], nepecexaomuecss B ToUKe zp =
At1) = B(t2), t1,t2 € [, B]. IlycTb Takxke cywecrsyor N(¢;) # 0
u ['(t2) # 0. Ilpeanonoxkum, yto cymecrsyer f'(z) # 0, wo =
f(20). C nomompio bynkuun f(z) xpussie 2 = A(t) (1-kpusas),
z = f((t) (2-xpuBas) nepeiinyt B kpussie w = f(A(t)) (1’-kpuBas),
w = f(B(t)) (2"-xpuBas), nepecexaiomuecsi B TOUKe Wy.

2

Puc. 6

Mycrs f(A(E)) = p(t), f(B(t)) = v(t). Yroa Mexnay 1-xpusoi u
2-kpuBO#i (HampasieHue or 1-KpuBOi K 2-KPUBO#i) paBeH

Arg 3'(t2) — Arg N(ty).
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YroJ Mexay o0pa3aMH 3THX KPHBBIX paBeH
Arg V(t2) - Arg w/(t) = Arg [F(B(12))] - Arg [F(A0)]
= Arg f'(z0) + Arg 3'(t2) — Arg f'(z0) — Arg N (t1)
= Arg (ts) — Arg N(ty).
TakuM 06Pa30M, YroJ MeXKJAV KPUBbIMH, [ePeCeKaloUIMMHUCs B He-
KOTOPO# TOYKE Zp ¥ MMEIOIMMHM B 3TOif TOUKe Kacare/IbHble, paBeH
VLAY MexJy uX obpa3amu npu orobpaxkenuu f(z), ecam f'(z) # 0.

Onpeieienne. Orobpaskenune f(z) Ha3biBaeTcs [KOHGOPMHBIM B TOU]
€CJIM MpPH 3TOM OTOOPa’KeHHH COXPAHSAIOTCS YIVIBI MEXAY
IMaJIKKMMH KPUBBIMH (MJIM KPUBBIMH, MMEIOIIUMHU B TOYKe 2z, Kaca-
TeJIbHbIE) — T. €. YTOJ MeXKAy ABYMsl KDHBBIMH, NTePeceKaronMUcs
B TOYKE Zg, PaBeH YIJIy MeXJy HX o0pa3aMH, MmepeceKaromuMHuCH
B Touke wy = f(2). Ecim npn srom coxpansiercss u Haupas.e-
HHE OTCYeTa VIVIOB, TO OTOOpazkCHHE HA3BIBAETCA KOH(DOPMHBIM
orobpakeHueM 1-ro poja, B MPOTHBHOM C.JIy4ae — KOH(OPMHBIM
oroOpakeHueM 2-ro poaa. A

Takum obpasom, eciu B obaactn D dyukuust f(z) uMeer mpo-
usBoguyio f'(z) # 0, To orobpakenne f(z) - KOHbOPMHOE OTO-
Opakenune 1-ro poja obiactu D Ha cBoit obpa3. B gasibHeiiniem
oTobpazKkeHne 1-ro po1a Mbl # Gy1eM HA3HIBATH KOHBOPMHBLM 0TO-
Opasiceruem. .

l'eomeTpuueckuii CMBICSI MOAYJIsSl IPOU3BOSHOM

[TycTb cymecTBYeT npou3BOIHAS

f'(Zo) = lim ﬁ%:@, Toraa | f'(z)] = lim f( Z— J(20)
Z—=20 - 20 z—zg _ zo
Beaununna w HA3HBAETCH PACTIIKEHHEM BEKTOPA
— <0

—_—

z — 2z, npu orobpaxkenun f(z). Benuuuna |f’'(zp)| Ha3biBaeTcs pa-
CTsDKEHHEeM B TOYKe 2y NpH oToGparkenuu f(z). dra BeJndnHA He
. —

3aBUCHT OT HAMPABAEHHUS BEKTOPA 2 — 2.
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[MpuBectu npumep byuxkumit f(z) f'(z9) = 0, gna xo-

TOPbIX 0TOGparkeHHe B TOUYKE 2
1) 6yaer KOHPOPMHBIM;
2) orobpaxkeHue He GyaeT KOH(MOPMHBIM.

JocraroyHoe ycioBHe, IpH KOTOPOM cyinecTByer f'(z).

Ecmn f(z) = u(z, y)+iv(z, y) u bynkuun u(z, y), v(z, y) B 0bsa-
¢t D uMeloT HenpepbiBHbIE YaCTHbi€ MPOH3BOJAHBIE NEPBOrO I0-
paaKa u BrINOJHAOTCH yeaouss Komm-Pumana, 1o dynkuus f(2)
muddepenuupyema 8 obnactu D u f'(z) € C(D).

Onpenesnenne. @ynkuus f(z) HasbBaercs janasumuyeckot |(roo-
MOPGbHOM, peryJsipHoii, NpaBUJIbHOM, MOHOreHHO#) B obGnactu D,
ec;iu oHa B obsactu D umeer npoussognyio f'(z) € C(D).

3ameuanue 1. Boobuie roBopsi, ycjioBue HelpepbhiBHOCTH MPO-
u3BoqHOH f'(2) nuiHee: yxke u3 cymecrsoBanus f'(z) ciaeayer, 4ro
f'(z) — HenpepbiBHas pyHKUMA (cMOTPH, Hanpumep, MapKymesuy
[10]). dokasarenbcTBo 3Toro ¢paxra Tpebyer MHOrO BPeMEHH, IO-
3TOMY MBI OyeM NpeanoJararb HenpepbiBHOCTh MPOU3BOAHOM.

3ameuyanne 2. AHajuTH4YecKas (DYHKIMSA — 3TO TO XKe Ca-
MOe, 4TO U rosioMopdHasl, WK TPABUJIbHAS, UM PEryJspHast, UIH
MOHOreHHasi pyHKuusA. Pa3inyHble Ha3BaHHA CBSA3AHBI C PA3JINy-
HBIM [OJXOJ0M K PacCMOTPEHHIO aHaJInTH4YecKuX ¢yHkuui. Teo-
PHIO aHANUTHYECKHX (DYHKUHMH MOXKHO M3J1araTh, HAUMHASA C CyIe-
CTBOBaHMs NPOM3BOJHON WJIM C Pa3/I0XKeHHsl B CTeleHHOM psi (Tak
Jesan Komm), unm yepe3 MHTErpajbHOE CBONCTBO AHAJMTHYECKUX
¢yuKumit. Mbl HayHEM H3JI0XKEHMe C CYLIeCTBOBAHMS HellPePbIBHOM!
IPOM3BOAHON M B JaJbHEHIIeM MOKaXXeM WHTEerpajbHOe CBOHCTBO
aHAJUTUYEeCKNX (DYHKUHUHA U UX Pa3jiOKeHHe B CTeHeHHbIe PSAbI.

Knacc avanmurudyeckux dyHkimit na obsnacrtun D 6ynem 0603Ha-
qarb A(D). [Tousitne anasmuruveckoit pyHkuuu Ha obsacru D noa-
pa3yMeBaeT CyIIeCTBOBaHMe MPOU3BOJHON B Kaxk10#t Touke D u B
HEKOTOPO# OKpecTHOCTH TOYKH. ODYHKIUMA aHAIUTHYHA B TOUKE,
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ecJI1 OHA AHAJUTHYHA B HEKOTOPOH OKPECTHOCTH ITOH TOYKH.

3anaua 6.| Jokazarb, uro ycaoBus Komu-PuMaHa B MONSIpHBIX

KOOPJAMHATaX MPUHHUMAIOT CJIEAYIOIHHA BUI;

ou__ v ou_1ow o
dp  Or Or rdp’ e

Bagaya 7.| Ilyerh §° M 7 — B3aMMHO NEPNEHAUKYJISPHbIE HATPa-

BJIeHHUs1, IpUYeM II0BOPOT OT § K T COBEplIaeTcs NPOTHB 4acoBOi

cTpeaku; Torga obobiieHHoe ycioBue Komm-Pumana npunnmaer
BHJ,

ou_ov ou_ v
ds On’ On  Os

2 @ynknun



KOMITJIEKCHOT'O ITEPEMEHHOTO.

UHTETPUPOBAHUE ®YHKIINN
KOMIIJIEKCHOI'O IIEPEMEHHOTI'O.
MHTETPAJIbHAS TEOPEMA KOIIIU

3 SJIEMEHTAPHBIE ©®YHKINN

nekuywus

Beenem B paccMoTpenne (DYHKIMH, HA3bIBAEMbIE d4eMEHIMAD-
HoMU GYHKYUAMU KOMILTIEKCHOTO [IEPEMEHHOrO.
1. Muorounen n-oit crenenn P(z) = a2 + a;2" ! + ... + ag,
n €N; ag,ay,... ,a, - KOMILUIGKCHbIE YHCIa, ap # 0, N — cTeneHb
mHorouiena. @yukuus P(z) € A(C),
P'(2) = anz" '+ a1 (n —1)2"" 2+ ...+ ap.
2. PanuonasnbHas GpyHKUHS

R(z) = P(z)  ap2"+a2" ' +... +an
T Q(z)  bpzm bzl +by

P(z2), Q(z) — muoroumenn, a9 # 0, by # 0, P(2) w Q(2)
He MMEIOT obumx MHOXHTeneh. Ecmum Q(z) = by(z — z)" ...
(z—zp)fr, 2; # 25, 1 # J, ki +ka+ ... + k, = m, To pyHKuus
R(z) € A(C\{z,...2}). Ilopsakom paumonampHolt yHKUMH
Ha3blBAIOT max(n, m).

3. Oyukuua e = exp(z) = e*(cosy + isiny), eciu 2z = x + iy.
Dyuxuus e* € A(C), (e?) =e.

eZ + e—Z

4. I'unepbosueckuit KocuHyc ch z = 5

et —e’?

2
et —e?
2

®ynkuus chz € A(C), (chz) =

5. l'unepbosinueckuit cuHyc sh z =
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®ynkuus shz € A(C), (shz) = e_i?e__ =chz.

eiz _ e—iz
2%
eiz + e—lZ
2

6. TpuroHoMeTpuuecKuif CHHYC sin 2 =
®ynkuus sin z € A(C), (sinz) =

eiz + e—iz

7. TpuronoMerpuyeckuit KOCHHYC COS 2 = 7

. OyHKUUA
cosz € A(C), (cosz)' = —sin z.
sin z
. Oy t = t I =
87r YHKII L0 2= Cos 27 (tg2) cos? 2’
z# 3 (2n+1), n=0,%1,%2,.... Oyukuusa tgz € A(C\{n/2-

(2n+1), n=0,%£1,42,...}).

cos z 1
9. ®yuknud ctg z = —, (ctgz) = — ,
YHER 9% sin z (ctg2) sin? 2
z #mn, n = 0%1,£2

0,+1,42,...}).

... @Oyuknusa ctgz € A(C\{mn,n =

sh z
10. I'unepbonuueckuit Tavrenc th z = —.

chz
Oynkuus thz € A(C\ {i(n/2 + kn), k=0,£1,42,...}).

. chz
11. I'unepbonuuecknit KoTanreHc cth z = —.

sh z
®yukuus cthz € A(C\ {ikm, k=0,£1,£2,...}).

QyHkiys, aHAIUTHYECKas] HAa BCeil KOMILJIEKCHONM IJIOCKOCTH,
Ha3biBaeTcs yeaol. Takumu DYHKUUAMH SBJSIOTCS MHOTOYJIEHBI,
CHHYC, KOCHHYC, eXp z, runepOoinyecKuit CuHyc, runepbosindeckuit
Kocunyc. Teopus uesnbix ¢GpYHKUHUH, B YACTHOCTH, Pa3JiOXKeHHE B
PAJ 10 neabiM (pyHKIUAM, NOJIYYHJIa MIMPOKOe MpAMeHeHue B qud-
dbepeHunaIbHBIX ypaBHEHHAX, YPABHEHHAX B YACTHBIX IPOH3BOJ-
HBIX, B (hyHKIMOHAJIBLHOM aHaJu3e. BoJiee noapobHO ¢ Teopueis

UesbiX (OyHKUMH MOXKHO O3HAKOMMTbCSI, HAIPMMED B MOHOrpadbuu
A.®. Jleourbesa [2].

2*
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NurerpupoBanue ¢pyHKHuil KOMIJIEKCHOTO IMepeMeHHOro

Paccmorpum cnpsimuisiemyio kpusyo AB (puc. 7) 6e3 Touek ca-
MoIlepeceyeHns U caMOHaJieraHus. Pa300beM KPHUBYIO Ha 1 dacTei
C MOMOUIBIO TO4eK 29 = A, 21, ... 2, =B B mopsiiKe CJIe,ZLOBaHHﬂ
no kpuBoii o Touku A K B. BoibepeM Ha Ayre Zi-1, 2; TOUKy 2L
O60o31a4uM yepes l(zi-l, 2;) JUIMHY AYTH Zi_1, zi. I1ycTh Ha KpUBOH

AB 3apnana ¢yuxkuus f(z).

Y

Puc. 7

CocraBum HHTerpaJibHbie CyMMBbI

Zf(zi)l(zi—T, z), (1)

Z f(2) (2 = 2i1). (2)

O603HayuM 3a A = max |z,_1 — z;| — AMameTp AaHHOrO pa3bueHuUs.

1\\

Ecnu cyumecTByer npeaes HHTErpaabubix cymm (1) npu A — 0, He
3aBUCAIUN OT cnocoba pa3OueHUss KPUBOU TOYKAMH Zy, 29, ... , Zn
¥ He 3aBHCAUIME OT BLIGOPA TOYEK 2) HA JyTe i, 2, TO TOBODAT,
uyto byHkuus f(z) unmezpupyema na xpueott AB n 0603Ha4aIOT

[ ezt = tm (3 i T 20).
AB =1
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Wurerpan [ f(2)|dz| Ha3siBatoT unmezpasom nepeozo poda.
AB

Ecsin cyliecTBYeT npefesl HHTerpaibHbix cyMM (2) npu A — 0, He
3aBHCAILIMN OT crocoba pa3bueHuss KpUBOU TOYKAMHU 27, 22, ... , 2, H
He 3aBHCAIIMHA OT BHIGOPA TOUEK Z, Ha 1yTe Z;_1, Zi, TO TOBOPAT, 4TO
CYIIECTBYET uHMe2Par 6mopozo poda oT byHKuuu f(2z) Mo Kpusoi
AB n 0603HavYaloT

[ 1)z = 1 (3 5D - )
AB =1

[ycrs dyukuuu f(2) = u(z,y) + iv(z,y), z=x+1iy, 2z =
x;+1y;, zi = zi+iy.. Torga unrerpanbHas cymma (2) Oyzer paBHa

> FE) (i — zim)
i=1
= > [u(x}, 4}) + iv(a}, v)][(@: — zim1) + iy — yic1)]
=1
= z[u(xi,y:)(m, — xi-1) — (5 Y1) (Yi — Yie1)]
i=1
+ iZ[U(ﬁﬁ, Yi) (T — i) + v(x], ) (i — Yi-1)]-
=1
Ilosromy, eciu cymecTsyer f f(2)dz, TO CyuIeCTBYIOT MHTErpaJIbl
B

A
J (u(z,y)de—v(z,y)dy), [ (u(z,y)dz+v(z,y)dy) n cnpasesuso
‘il)g.BeHCTBO AB

/ f(2)dz = / u(z,y)dz — v(z,y)dy + 1 / u(z,y)dz + v(z, y)dy.
AB

AB AB
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3aMeTHM, 4TO B NpaBOi YACTH TaK»K€ Y4aCTBYIOT MHTETPaJibl
BTOPOTO POJa.
AHaJIOrM4HO NOKa3blBAeTCH, YTO €CJIM CYIEeCTBYeT HHTErpaJ
nepsoro poga [ f(z)|dz|, To cymecTByioT HHTErpasBl HEPBOTO PO-
AB

a [ u(z,y)dl, [ov(z,y)d, dl - gubdepenunan xyru AB, u
cnp'gmge,unnao paBe“l‘-l%TBO

A/B f(2) |dz]| =Aé u(x,y)dl+i/v(:v,y) dl

AB
CgoiicTBa MHTEerpupyeMbix pyHKIui

Tak xak uHTerpan oT GpyHKUHH KOMILJIEKCHOTO I€PEMEHHOrO0,
KaK MbI MOKa3aJii, CBA3aH C WHTerpajamu ot GpyHkuuil aefictsu-
TEJIbHbIX NEPEMEHHbIX, TO MOHATHO, KaK CBOMCTBA UHTErpajioB OT
JEACTBUTE/IbHBIX (PYHKIUHH NeHCTBUTENbHBIX HEPEMEHHBIX NIEPEHO-
CATCS HAa CBOWCTBa HMHTETPaJIOB OT KOMIJIEKCHON (YHKIUM KOM-
IJIEKCHOro mepemeHHoro. Heobxomyumoe yciioBHe CyeCTBOBaHMS

unterpana [ f(z)dz - momyab dyskuun f(z) orpaHudeH Ha ayre
AB
AB.

1. Jlunefinoe cBofictBo. Ilycth cymecrByior unrerpanst [ f(z)dz,
AB

J g(2)dz; Torma cymectByer muTerpasn

/(af(z)+ﬂg(z)) dz=a/f(z)dz+ﬁ/g(z)dz, a, BeC.
AB AB

AB

2. A,L‘UII/ITPIBHOCTB uHrerpana. Ilycrtb KpuBas AB AC UCB rie

ayru AC n CB nmeror eIUHCTBEHHYIO 00uryio Touky C, U nycTb
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cymectsyeT unterpan [ f(z)dz; Torma GyyT CyliecTBOBAaTH MH-
AB

terpanbl [ f(2)dz, [ f(z)dz u 6yaer cnpaBeniuBO PaBEeHCTBO

AC CB
f(2)dz= | f(2)dz+ | f(2)d=.
Jros=froee]

11, nao60poT, u3 cymecrsoBanus unterpaios [ f(z)dz, [ f(z)dz
¢

crenyeT cymecTBoBanue unterpajta | f(z)dz u BbiIONHeHHE MpH-

AB
BEI€HHOT'O BHIIIIE pPaBE€HCTBA.

3. [ f(z)dz=~— [ f(2)d=
AB BA

4. Ecnu | — pimHa KpuBoit A\b, al|f(z)| <M, z€ AVB, TO

/ f(2) dz| < M.
AB

Kaaccel nHTErpupyemsix pyHKuumii

1. Knacc nenpepbiBabix yHKUHI.

2. Knacc orpaHM4eHHbIX 1O MOAYJ0 (HYHKIMHA, UMEIOUX Ha
KPHBO! KOHEYHOE YHCJIO TOYEK Pa3phbiBa.

3. Kuace dyskuuit, obnagatomux I-csoiicrBom. Ilox srum
KJIaCCOM NOHMMAIOT KJIaCC OrPaHMYEHHBIX N0 MOAYJII0 MYHKUMHA U
obJaaomux cAeAYIOMUM CBOKCTBOM: AJid Jioboro € > 0 Halaer-
C KOHEYHOE YHCJIO CIPSAMJISAEMBIX AYT, MPUHAJJIEXKAIUX JaHHOK
KpuBo#t AB, TaKux, 4TO CyMMa AJIMH 3THX AYr MeHbiue €. Bce
TOYKM pa3pbiBa GyHKIMHU f(2) jieXkKaT HA ITHX Ayrax.

[Tycts kpuBas AB 3ajaHa napaMeTpUYecKH:
z=x 41y, z=M({), y=X(t), teaf, z=A1) =
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t — nefictBuTesbHbli napamerp, u cymecrsyet N (t) € C([e, 6]),
X(t) # 0; Toraa

B8
/ﬂnw=/}umwmﬁ,
AB o

B
/ﬂﬁW4=/ﬂmemwt
AB o

Ho He Hy>XHO ayMaTb, 4TO BCE CBOICTBA M TEOPEMbI, PUCYLIKE,
HaNpUMep, ONpeNesieHHOMY HHTerpajy PuMaHa, mepeHOCSATCS Ha
HHTErpaJj oT PyHKUUN KOMIJIEKCHOTO [TEPEMEHHOrO0.

PaccmoTpum npumep. Ilycts AB = [0,1], f(2) = €¥™%; Toraa

1 1
/ f(2)dz = / e¥™i dy = /cos(27rz) dz + i/sin(27rz) dz = 0.
0 0

[0,1] [0,1]

Tak kak ¢g(2) = e* # 0 ana moboro z € C, 10 ecnu Gbl GbI-

7a cnpaBeuBa TeopeMa o cpexeM, o [ f(z) dz 6w 6b1 paBen
[0,1)
f(2) #0, # €[0,1], uto nporusopeunt Tomy, uro [ f(z)dz =0.
[0,1]

Nuterpanbuas Teopema Kommn

[lycts xpuBas AB 3ajmana mnapaMeTpuyecku 2z = A(t),
t € [o,0], u nyctp dyukuusa At) € C([o,B]) ocyumecTBasier
B3aMMHO-OJHO3HAYHOE OTOGparkeHue oTpe3ka [, 3] Ha cBoil 0bpa3
- kpuByio AB. Ecaum 310 TpeGoBaHHE BbBINOJHSIETCA KpOMe
KOHIEBBIX To4eK U mpu 3toM A(a) = A(B), To GyaeM roBOPHTD,
4To KpuBass AB 3aMmkHyTa. B nepBoM cily4ae KPHBYIO Ha30BEM

HEe3aMKHYTOH KODJAHOBO# KpHUBOH, BO BTOPOM — 3aMKHYTOH
’KOPIAHOBOM KpUBOM.
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Teopema 2Kopgpana (6e3 doxazameavcmea). 3amxnymas orcop-
danosas (dcopdanosa) xpueas I' pasbusaem KoMnaeKcHY nAOC-
xocmv C Ha dse obaacmu. Odua obaacmed Dp = intl - ozparunen-
nas obaacms u ee 2panuyet asasemca ', emopas obaacmo @\D_p -
HE0ZPAHUNERHAA, COOEPIHCUM OO U €€ 2PAHUYET MaKHCE ABAAEMCA
xpusaa I

Omnpenenenne. Obnacts D C C Ha3biBaercs odnoceasnoll obaa-
cmblo, ecau ee rpanuua 0D — 3aMKHYTOe, CBS3HOE MHOXe-
crBo. O6sacTb D Ha3bIBAETCS KOHEUHO-CEAZHOU WM NM-CEA3HOU,
n € N,n > 1, eciu ee rpaHuna COCTOMT U3 KOHe4yHOro (u3 n)
YucIa 3aMKHYTHIX CBSI3HBIX KOMIOHEHT. B s1060M Jpyrom ciyuae
obsnactb D — GeCKOHEYHO-CBA3HASA.

U3 teopemb 2Kopaana ciaexyer, 4To ecau obaacts D — og-
Hocsidnad u I’ C D, TI' — 3amkHyTad, »KOpJAaHOBasi KpUBas, TO
Dr C D (6e3 noka3arenbCrBa).

Ka3zasoch 0bl, 3TOT pakT, Kak U cama TeopeMa 2Kopaana, oye-
BUJEH, ecJii B KadyecTBe I’ Oparh HenpephiBHYIO KPUBYIO, & HE KPH-
Byio 2Koprnana. Ho nmnsi mpocro HenpephiBHBIX KpuBbIX [' 310 He
tak. CMoTpm, Hanpumep (3], rae CTPOUTCA NpuUMep HeNnpepbIBHOM
KPHUBOH, 3anojusowmeii coboit kpaapar [0, 1] x [0,1].

B nanbHeitmeMm 6ygeM paccMaTpuBaTh IJIaJIKHEe UJIH KyCOYHO-
rnaakue kpusble 2Kopaana. 3aMKHYThIe, KYCOYHO-TVIQJIKHE , XKOP-
JaHOBbIe KpHBbie OyleM Ha3bIBaThb Kowmypom. Ilox mosoxuresb-
HbIM HanpasJjieHueM 00xoma mo rpauune 0D obmacru D 6yaeM no-
HUMAaTh TaKoi 00X0i, MPH KOTOPOM 00JIACTh OCTAeTCs CJIeBa.

|MHTeI‘paJIbHaH teopema Kommn.| ITycmv D - odunoceasnas

obaacmv u nyemv f(z) € A(D). Tozda daa arwbozo xowmypa
'cbh

r/ F(2)dz=0.
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HoxazareascrBo. Tak kak f(z) € A(D), o f'(z) € C(D) u, cae-

nosarenbHo, u(z,y), v(r,y) € CHD) (f(2) = u(z,y) + iv(z,y)).

Umeem [ f(2)dz = [u(z,y)dz — v(z,y)dy + @ fu(z,y)dy +
r r r

v(z,y) dz. Ina MHTErpaJoB, CTOSLIMX CNPaBa B 3TOM PaBEHCTBE,
npuMmenuM ¢opmyay [puna (zoka3aresncrBo (opmyan [puna
MOXHO HaiiTH, Hanpumep, B Kuure B.A. Unbuna [4]).

Urak,
F/ f(2)dz = Zr/ [-(%(—U) - -a%(u)] dzdy

+i b// [%(u) - %(v)] dxdy.

Tak kax Bbinosnuenst ycnopusa Kommn-Pumana: ), = vy; u, = -y,
10 [ f(2)dz = 0.
r

3ameuanne. Msl y>ke rOBOPHIH O TOM, 4TO ycioBue f'(z2) €
C(D) - numnee ycjoBue. ExmpHcTBeHHOE MeCTO, rie Mbl HCHOJIb-
30BaJIM HEMPEPHIBHOCTb MPOM3BOAHOM — 3TO NPUMEHeHHe (POPMYJIbI
I'puna. Ecau e Tpe6oBaTh TOJLKO CYIIECTBOBAHHUS NPOM3BOAHOM
dbyukuuu f(2), z € D, tTo cHayana teopema Komm joxkasbia-
eTCs [ TPEYTOJIbHAKA, MOTOM JJIsi MHOTOYTOJIbHHKA M B KOHIE,
annpoKCuMupys KoHTyp I' MHOroyrosibHUKamu, B OGIIEM Ciydae.
Cwmotpu, nanpumep, A.W. Mapkymesuu [5]. B kauecrse npumepa,
NOJATBEPK JAIOIIET0, YTO YCJIOBHE OJHOCBA3HOCTH B Teopeme Komu
10 CYILECTBY, PACCMOTPUM (bYHKLHIO

f(z):—i—, D={z:1<|z| <2}, T ={z:]2| = 3/2}.
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1 3 )
Boiuncanm /; dz. Tak kak |z| = 3 T02= re*,
r
, @ €][0,27]. Toraa

27 .
i
/ldz=/”e 9% _ om0,
2 reww
r 0

Caencrsue u3 teopembl Kommu. Ilycts D — omHocBsi3Hasi, orpa-
HUYeHHasd o0JIacTb, rpaHUIla KOTOPO#X OD — KOHTYp M (pyHKuus

f(2) € A(D); Torza [ f(z)dz=0.
8D

r =

N w

|O6o6meﬂnﬂ TeopeMmbl Komiu. |
1. IIycts D — ogHOCBS3HAsA, OrPaHHYEHHAs1 00/1aCTh, IPaHUIA

0D - xoutyp, u byukuusa f(z) € A(D)(C(D); rorna [ f(z)dz
8D

paBeH Hyaio (6e3 10Ka3aTeNbCTRA).

2. Cayuait, korna D — KOHeYHO-CBsA3HAsA 00J1aCTh.

IIycty D - orpanuveHHas, KOHEYHO-CBA3HAA 00J1aCTh, FPAHULIA
KoTopoit D cocrout u3 (n + 1) CBA3HBIX KOMIOHEHT:

.6D=FU71U72U...U7,,,

tae I', v, . . . Yo — KOHTYpBI, He NepeceKalomuecss Mexay cobol,
BuyTpu ' comepxarcst 1,72 ...7. (% C intl, i=1...n). Toraa,
ecan f(z) € A(D), To unterpas no scefi rpasuue 8D o6nacru D

/ f(z)dz=0,
8D

HalpaBJjieHue 06XOJ13. 10 TpaHHule NOJIOXKHUTEJIbHOE, UJIH

r/ fedz =3 / f(2)dz,
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B 9TO# popMyJie HanpasjieHHe 00X04a 0 KPUBLIM IIPOTUB 4aCOBOMH
CTPEJIKH.

JokazaTenbCcTBO cienyer u3 cnpaseinBoctd dopmysibl ['puna
JJisl KOHEYHO-CBSA3HOH obaacTu u ais byukumit u(z,y), v(x,y) €
C'(D). Cmotpn, Hanpumep, [4].

3. Tlpeapaymas Teopema BepHa, ecau yciosue f(z) € A(D)
3aMeHuTb Ha ycnosue f(z) € A(D) (N C(D). (6es mokasarenbcrsa).

OjaHo u3 npuMeHeHn#t WHTErpabHON TeopeMbl Komu — 3T0 Bbi-
YKCJIEHHEe HHTErpaJioB OT AefiCTBUTE/IbHbIX DYHKIAH HeficTBUTENb-
HOT'O MEepeMeHHOro (KakK COOCTBEHHBIX, TaK U HeCOOCTBEHHBIX).

Yy

0 0 Tz

D a A

Puc. 8

[Ipu BBLIYMC/IEHWM WHTETPAJOB YAaCTO HCHOJb3YeTCsl JieMMa
Xoprana.
Ig!emma »Kopaana.| ITyems D = {z:Im 2 > a} (puc. 8), f(z) €

C(DN{lz| = Ro}), ZlLIgof(z) = 0. To2da Aim [ emf(2)dz = 0,
zeD —’NCR
2dem >0, Cr=D({z:|z| = R}.

HoxazarenbcTBo. PaccMorpum Gosee obmmit cayqai: a < 0.

(Ecu @ > 0, TO OLleHKH HY>KHO APOBOJAMTH TOJNbKO Ha ayre CB

unu yactu qgyru CB). Touku A, D — TOYKM NIEpeceveHUst OKPYxK-
HocTH |2] = R ¢ npsiMo#t y = a, Touku B, C - Touk#n nepeceyeHus
OKPY>KHOCTH C JeicTBUTENbHOH npsiMoit, yron LZAOB = g. Ilo
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veaosuio lim f(z) = 0. Dro 3nauur, uto
zeD

Ve >0, 36(e) >0: Vz€ D,|z| >6(e) — |f(2)| <e.

IIposeneM onenky wunrerpaita [ €™ f(z)dz. Ecim z € AB,

. . AB .
0o 2 = R €% dz = Rie¥dp, |dz] = R dp, €e™* =
zm(Rcos @+iRsin ¢) |e1,m z — —mRsm«p
/ 1,m2f /lelmzl |dZ|
AB

0

= [l f(Re)| Rdp < max |(2) e RS Rig|.

zEAB
$o

. a a
Tak kak singpy = —, T0 g ~ —= npu R — +o00.
R R
Urak,

/ ¢™2 £(2) dz| < max |f(2)le"™(la] + 1), R> Ry,

AB 2€AB
T e. lim J €™2f(z)dz = 0.
R—oojp -

Ananormunas oueska uHTerpana [ €™*f(z)dz  paer
¢D
lim [ e™*f(2)dz=0
R—oc i)

Tenepn nposenem ouenky unrerpana [ e™ *f(z)dz. Umeem

m BC
/eimzf(z) dz| < /e—mRsin¢le(Rei¢)'dso
BC 0
™ /2
< max If(z)!/e—mRsin‘PRd(p = 2 max ’f(z)I/e—mRsingad(p.
z€BC 2€BC

0
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2 m
Hcrnonb3ys oLeHky: ?p <sing mpu 0 < ¢ < > 0Ty YUM
w/2
. 2
/e""zf(z) dz| < 2 max |f(z)] / e TR Rdyp
BC :€BC 0
e—mRﬂp% /2 R
= 2max |f(z)| - ——z—| =2max|f(2) |‘—‘[1 e ™.
2€BC = o 2€BC 2m
Oxonuaresbro, lim [ €™ f(z)dz = 0. Jlemma Koka3aHa.

l'[pnMep B kadecTBe nmpumepa paccMoTpuM unmezpas u-

sin x
puxae — / —— dx ¥ BBIYACJIHMM €0, UCNOJb3YS HHTErPAJIbHYIO
TeopeMy Konm u gemmy 2Kopaana.

Unrerpan Jupuxse — HecOOCTBEHHBII, €r0 MOXKHO [IPEICTABUTH

B CJIEAYIOUIEM BHJIE:

+oo 400
sinx 1 sinz sm a: sm x
—_—dr = = —dz = llm

-0

Paccmorpum obinacte Dpg, (puc. 9), rpanuueii KoTopoi sBisercs
KOHTYp ODp ., cocTOAIIAN U3 NPAMOJMHENRHBIX OTPE3KOB JeHCTBU-

TesibHOH npamoit [—R, —r|, [r, R] n aByx myr

Cr={z:|zl=r. Im220}, Ch={z: |z|=R, Imz >0}:

Yy
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HHTerpad
; - . R .
eZ e’l' ezz ez:v e‘ll
/ ——dz=/——dx+/—dz+/———dm+/—dz.
z T z T z
ODR -R Cr T Cr

C oaHOIt CTOPOHBI,
—r -r R

R
e e COST +isinx cosx +isinx
/—dx+/———d:v=/————dm+/———————dz
|z x x x
r

-R -R r
R

= Qi/Slnxdz.
X

r

) eiz
C apyroit croponbl, mo jemme 2Kopnana Rhm —dz = 0, mo
—+00 J 2z

c
eiz :iz
MHTerpajbHoOll Teopeme Komin / —dz=0 (—z— € A(DR,,)).
z
DR,r

eiz .
PaccmorpuMm uHTErpas / —dz. Ecau z € C,, T0 2 = re'¥; Toraa
z

. Cr
) 0
etZ ezre .
—dz = —rie’?dp
2 rew
Cyr T

0 0
=i/ezr(cos<p+zsm‘p)d(‘0=Z-/e—rsmcp+i7'cos99dso
™

™
0 0
= i/e"‘s‘""’ cos(r cos ) dyp + i/e""s"“" sin(r cos @) de.
™ T
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Tak Kak noAblHTerpajibHbie (GYHKIHMH B BbIPAXKEHHUHM CIPaBa He-
IpepbIBHBI 110 T, (Y, TO, MCIOJb3Yys TEOpeMY O HPEeNeJbHOM Iepe-
XOJe T0J] 3HAKOM HHTerpaJjia (JedcTBUTeSbHbIH cnyqaﬁ) NOJIy4YUM

. e'* . sinz
lim | —dz = —7i. Urak, 0 = —7i + 27 lim /————dx, T. €.
r—+0 z r—+0
C, R—+o00 ',

+o00
siny T
uarerpaa dupuxie — =73
T

0

3anaua 8.| Kak mu3amenurcss ¢opMmynupoBka Jemmbl 2KopaaHa,
eciu ayry Cr moBepHyTb a) Ha yros 7; 6) Ha yron ; B) Ha yrod
—Z. B xaxJom ciy4ae a)-B) Aoka3aTh Jemmy 2Kopaana.



NHTEI'PAJI TUITA KOIIIN.
TEOPEMA MOPEPA

NHTETPAJIbHAA ®OPMVWJIA KOIIIN. !I

nekuuna

|Te0pema (narerpanbuasi ¢dpopmyiaa Komn.)| IIyem» D
- obaacmo, Pynkyua f(z) € A(D), xoumyp I' C D, npuvem
int I'(Dr) maxoce npunadaescum D.  Tozda umeem wmecmo

popmysa
_ 1 [f€)d
fa) = o [ L89S weDr.
r

Ima Popmyaa nasvieaemces unmezpaivroti popmyaoti Kowu, a un-
mezpans, cmoswuti cnpasa — unmezpan Kowu.

HoxkazarenbcTBo. Tak kak To4ka 29 € Dr, To cymecrByer € > 0
TaKoe, 4To u:(z) C Dr (puc. 10).

.

Puc. 10

Paccmorpum obnacts D. = Dr\{z : |z — 2| < €}. Obaactp
D, - npycps3nas, mo unTerpasbHO# TeopeMe Komu uHTerpan mo
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rpanuie D, paBeH HyJO

/ GLI
§— 2
8D,
WU
/f(é)dé _ / fe)ds
J §€— 2 otime §— 2

B nocneanem unTerpase caenaem sameny: £—zo = €€, o € [0, 27,
d¢ = eie*dyp, Toraa

27 i 2
/ Q(E) f = f(z";;:e %) ieie dp = i/f(zo +ee¥)dp.

|—20l=¢ 0 0

Xotesioch Obl Teneps BOCHOJb30BATHCS TEOPEMOH O CpeJHEM H me-
peiiTH K npejesy noj 3HakoM mHTerpasia npu € — 0. Ho mbl pa-
Hee NPUBOAMJIYN NMPHMED, MOKA3bIBAIOIIKH, YTO TeopeMa O CpelHeM
[l MHTerpaJia OT (pYHKIMA KOMILIEKCHOIO MePeMEeHHOro, Boobiie
roBopsi, HepepHa. IloaTtomy MBI mepeiimeM ot dyHkuuu f(z) =
u(z,y) + iv(z,y) K melicrBaresbHbiM bynkiuam u(z,y), v(z,y) 1
TEOpeMy O CpeIHeM IpPUMEeHUM K HuM. ViMeeM

2r 2

i/f(z0+eei"°)d<p=z' /u(x0+scos¢,y0+esincp)dcp

0 0
27

+i/v(sco+acos<p,yo+ssin<p)d<p
0
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Bocnosib3yeMcst TeOpeMoOilt O cpeaHeM Mg KaXKAOro MHTerpaJa.
[MoayunM

i/f(zo + ee*?) dp = 2mi[u(zo + € cos ¢y, Yo + £5in ;)

+ tv(xo + €COS g, Yo + £SinYa)], 1, @o € [0,27]
f(€)

[Tepeiinem k npeneny npu € — 0. MHTerpasn / He 3aBUCHT

OT £, H OKOHYATEJIbHO OyeM HMeTh

27
fe)de oo
i zll_r}(l)o/f(zo + €€'?) dp = 2mi f(z)
o () de
f(z) = 27rz § — 2
r

DopmyJa JOKa3aHa.
B wactHoctu, ecotm D - orpaHuyeHHasl, KOHEYHO-CBSI3HASA
obsacTh, rpaHui@a KoTopoii 0D COCTOMT M3 KOHEYHOTO 4YHC/a

KOHTYPOB, ¥ yHKIHs f (2) € A(D)NC(D), To

f(§) d§
2ni ) €—2z
8D

f(z) = z€D,

(06x01 mo rparuue D 0JI0XKUTENbHbIH). JJoKa3aTenbCTBO Cieny-
€T u3 0000mEeHHOl TeopeMbl Kolu 1/ KOHeYHO-CBsI3HOM 00s1acTH
H aHAJOTHYHO J0KA3aTe/bCTBY, KOTOPOEe Mbl MPOBEJIH BbIlE.

[IycTs d)yﬂxmm f(z) e C{z: |z=2| <7}, r>0.

Hokazars, 4ro lim f f(z0 + €€*) dp = 27 f(2).
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Utax, mycts bynkuusa f(z) € A(D), D - onHOCBA3Has, OrPaHH-
4yeHHas 00J1aCTb, TpaHUIA KOTOPO# 0D - KOHTYD; TOrJa HHTerpaJ

Kommn
L [ras_ { f(=), €D,
27r2'aD E—2z |0, 20¢ D

|Aaterpan Tuna Komm |

[Tycts T' — xopnaHoBa, KycO4HO-IJ1ajKasi KpuBas, He 00s3a-
TeJIbHO 3aMKHyTas, u Gyukuus f(z) € C(T'). Unrerpan Buza

_ 1 [f)dE
F(Z)—%/ﬁ, Z¢P
r

Ha3bIBaeTCdAd uHmezpasom muna Kowu.

Humeezpaa muna Kowu - F(z) - ecmb anasumunecran
dynxyus, m. e. F(z) € A(C\I'). ITpu smom dynxyua F(z) umeem
npou3eoodnyro 4106020 nopadxa, pPasHyo

F(z) = l!/(f(ﬂ_ Vn € N.

BN N )

MpbI poBeaeM J0Ka3aTeNbCTBO METOJOM MaTeMaTHiecKOl MHIYK-
uuu. Bropoit cnocob Joka3areabCTBa — pacCMaTPUBAaTh MHTErpaj
tina Komm Kak KpHUBOJIMHEHHBIH MHTErpaJ, 3aBUCAILMHA OT mapa-
MeTpa, HO IIPH 3TOM HY>KHO 3HaTh CBOMCTBa MHTerpaJla, 3aBUCHINe-
ro OT mapaMeTrpa, KOraa moauHTerpajibHas byHKuusa - HYHKIHA
KOMILJIEKCHOTO MepeMeHHOro. B Kypce nefcTBHTENBHOrO aHAIM3a
paccMaTpUBaAICh COOCTBEHHblE M HECOOCTBEHHbie MHTErpaJibl 10
OTpEe3KY HJIM JIy4y, BKJIOYas BCIO NMPAMYIO.

Jdoka3arejbCTBO. JlokaxkeM yTBepXKJeHHE TeOpeMbl IpH
n = 1. Ilycts Touka z € C\I'; Toraa cymecrByer § > 0 Taxoe,
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gro Us(z) T = @. O6osnaunm 3a p = p(T', Us(z)) > 0 u Gyzem
paccMaTpuBaTh npupamenue Az : |Az| < . Pacnumem pasnocts

F(Z+AZ)-F(Z)__1__/f(€)d€
Az 271'1'r (& — 2)?

“o [ 19 |(e=ras ) m e
1

=§%/f(§) [(g_z)(g_l(z+Az)) - (f‘z)Q] *

f6)A
= omi / (£ - 2)2(€ — (2 + A2)) dt.

Orcroga ciaenyert, 4To

1 Ml

F(z+Az) — F(2) _L/ J()dg

Az 211 ) (€ —2)? 2_7r_pTIA gl
r

rie M = rg&x”(z)l €—2z| 2 p, [E—(z+A2)| = p, | - puma
kpuBoii I'. Tlepexoas k mpegeny npu Az — 0, noay4um

o1 [ fEd
F(Z)‘%/(e—z)i"
r

Tenepb npeanosoxuM, 9T0 Npu k = 1 paBeHCTBO CHPaBENJIHBO:

ro =2 [ 1(€) de

2mi J (€ — z2)n+l”
T

HokaxkeM, 4o npu k = n + 1 paBeHcTBO Tak>Xe 6yJeT BHINOJHEEH

e (n+1)! [ f(€)de
n n+1)!
F( +1)(z) =g Eoo
r
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PaccMOTPHM Pa3HOCTb

FM(z+Az) = F(z)  (n+1)! /
Az 27i (&-2) "+2

_nt [ f(§) 1
T 27 J Az ([f —(z+ A (- )"H) @

_(n+ 1) [ f(E)dE
2mi J (& — z)nt?

(&= 2"t = [€ — (2 + A2)]" __n+l
27T1,/f(£ [ )"+1AZ[§ _ (z + Az)]n+1 (5 — z)n+2] df

[(E — 2" — [(€ — 2) — Az™H]
" 2mi ./f(6 2)"2Az[€ — (2 + Az)]H! 9%

(n+1)Az[(& — 2) — Az]™!
T omi /f(ﬁ)( 2)2Az[€ - (z + Az)]rtt S

fFE)A(z, E, Az)
27;-3 / (6 _ z)n+2Az[§ Z + AZ)]"'H d£ ’

rae

A(z,€,8z) = (£ = 2) [(§ = &)™ = [(€ — 2) — Az™H]
— (n+1)Az[(€ —2) — A"
IIpeobpa3yem A(z, &, Az):

Az,§02) = (€ —2) (€~ 2™ = (€= 2™ + (n+ 1)Az(€ - 2)"
- C2+1(Az) (E—2)"—. .+
+ (—1)"(A2)"*!) — (n+1)Az(€ — 2)"* + (n+ 1)(A2)2CL, (€ -
— . .+ (=D*n+1)(A2)"*? = (A2)? - B(2,¢,Az),

rae B(z, &, Az) - MHOrousnen ¢puKCHpOBaHHO# cTeneHu no z, &, Az.
IIpu |Az] < & monyns B(z,€,Az) na xkpusoit ' orpanuuen:
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max |B(z,§. Az)| < M;. Tlosromy
|Az|<6

FM(z4Az) = FU(z) n-l-l '/ flOd¢ | n! MM 1Az
Az

—_ Z)"+2 271' p2n+3
r

TeMm caMbIM

n n+l
F( +1)( / (6 —_ Z n+2

TeopeMa goka3aHa.
PaccmoTrpum dbyukuuio f(z) € A(D). Ilycrs Touka zy € D;
toraa cymectByeT Us(z) C D, § > 0. Ilo unrerpanbnoit popmyae

Komu nmeem
/ fg(ﬁ_)‘f , 2 € Us(z).

|z0—€|=8

Tak kak uHTerpas Kommu ecTb 4acTHBIA ciiydait MHTerpaja Tuma
Komu, T0 no T0abKO 4TO J0Ka3aHHOH TeopeMe IOJy4aeM, 4TO

1 F(§) € d§
2 / §
|20—¢|=0

27i € —z)ntl”
|z0—€|=0

= f(2) € A(Us(=)) ,

IpY 3TOM

Tak kak To4ka zp € D — npou3BoJbHas TO9Ka 06JaCTH, TO OTCIOAA
clenyer, 4ro anaaumuseckes gynxuyusa f(z) 6 obaacmu D ecmo
becxoneuno-dudpdupunyupyemas Gynxyus 6 3moti obracmu.
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3agaua 10. | [Tyere ' - KycouHo-rnmagxasi >KOpJaHOBAa KpHBasi,
dyukuus f(z) € C(I'), Touka 29 € I'. O603HaIUM

T

ITo onpenejiecHuI0 HHTErpaJioMm THIIA Kom B cMbICiie ry1aB-

HOrO0 3HA4YEeHHMS Ha3bIBACTCS lin(1) F(2)- O6o3Hava0T 3TOT
E—
npeaes, €cJM OH CyIECTBYeT, Tak e, Kak u uHTerpay Kommu:
1 [ f(§)dg
F(z) = -—

- [ =—=*— . [oxkasarb, 4ro ecqu byukuus f(z)
2me ) €— 2
r

npuHaIIeXKUT Kjaccy ['énpaepa mopsaka «, rae 0 < a < 1,

Ha kpuBoi#t I', To cymecrByer unTerpas tuna Komm B cMmbicie
IVIABHOT'O 3Ha4YeHMs B Jio0oi# Touke Kpusoit I

Iycts dynkuus f(z) € A(D), D - omxocBsi3Hast

obaactb, kouTyp I' C D, int ' C D. Toraa

f(2), z€intT,
L/L@é= 0, z € C\Dr,
omi ) €—z 1
r -2-f(z),z€F.

ITonaTune nepBoobpa3noii byHkKIuUN

[Tycts D - opHocBsa3Has obnacte u byHkuus f(z) € A(D)
(puc. 11). 3aduxcupyem TOYKy 2o € D H pacCMOTPHUM HMHTerpaj
10 »KOPJAHOBOH KYyCOYHO-IJIaJIKOM KPHUBOH C HAYAJOM B TOUYKE 2p U

z

KOHUOM B Touke 2. ®yskuus F(z) = [ f(&) d€ onpeaenena kop-

20
PEKTHO, TaK KaK ee 3Ha4eHHs He 3aBHCST OT yTH NHTErPUPOBAHHUS,
a 3aBHUCAT OT HA4aJia M KOHL@A MYTH, MOITOMY MBI He YKa3bIBaeM
caMy KpDHBYIO B MHTerpaJe, a TOJbKO TOYKH Zp U 2.
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z
20

Puc. 11

Hoxkaxem, 4to dyukuus F(z) € A(D) u 410 ee NpoU3BOAHAA
F'(z) = f(z). PaccmoTpum pa3HocThb

z+Az
f f(&) d§ — ff €) d¢
F(z+Az) = F(2)
Az f(z) = Az - f(2)
z4+Az
f f(f) df - AZf(Z) 2+Az
- _ 1050,
AZ Az
ITosromy
176 - £ 1ael
F(z+ Az) — F(z) J — f(z
Az - f(2)| < A7)
< max [f(§) — f(2)] .

£€[z,2+Az)

B cuny anammrnumoctn f(z) mpu Az — 0 mmeer Mecto
eelz +A]|f() f(z)] - 0. Hrak, F'(2) = f(z). Caenosa-
TenbHoO, F'(2) € A(D).
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Onpenenenne. @yuxuus P(z) HasbiBaeTCs nNEPeoo6pa3Hol Hynryu-
eti gna f(z), ecim ®(z) — anasnuTuveckas pyHkuus B obsactu D

u d'(2) = f(2).
[Iycts ®(2) - nepBoo6pa3Haﬂ (byHKu;na st bysxkuun f(z). Io

JoKa3aHHOMY, dyHKuus F(z f f(&) d§ Toxke nepBooGpazHas.
20
[Tokaxkem, uro F'(z) — <I>(z) €CTb KOHCTaHTA.

Oynxuuio F(z2) = [ f(£) d€ B nanbueiimenm Gyzem Ha3bIBaTh [He-|

[onpedeaennvm unmezparom.| Utak, nycrs F(z) — ®(2) = ¢(z) €
A(D), torma ¢'(z) = F'(z) — ®'(2) = 0. Ilokaxewm, uro TO-

raa p(z) ects KoHcranta. Ecimm ¢(2) = u(z,y) + w(z,y), T
u3 ycnopuit Komm-Pumana crenyer u, = wu, = v, = v, = 0,

re. u(x,y) = ¢, v(z,y) = ¢, ¢(2) = ¢ +icy = ¢ — KOHCTaH-
ta. [ostomy ®(2) = F(2)+c = [f(§)dE+ ¢, ®(2) = c nau

20

f (&) d€ = ®(z) — D(2). O1a dopmyna ectb bopmyna Heorona-
J'Ieu6}mua M3BeCTHasi paHee JJisl AeHCTBUTEJILHOTO CJIy4asi.
I

AN

0 \l/

Puc. 12

[Iycts D — opHocBsiznas obaacts, 0 ¢ D, 1 € D (puc. 12). Pac-
1
cMorpuM bynkumio f(z) = 2 € A(D). Toraa sHeonpenesneHHbIH

d 1
HHTerpaJ / ?6 ecTb niepBoobpasnas mis f(z) = —. Hasosem 3ToT
z
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MHTErpaJjl MaJjbiM JIOrapudpMOM 2z WIH IVIaBHBIM 3HAYEHHEM JIOTa-
z

1
pudpma: Inz = / % , Torga (Inz) = pot 3ameTnM, 4TO NpH

dt
z = x > 0 u"Terpai —t—=ln:c.

3anaua 12.| [Tokasare, yro Inz =In|z|+iargz, —w <argz <«

ITycrb D — omHocBs3HAsA obaactb, 0 € Dj i, —i ¢ D.

i*,

L D
R,

b

Puc. 13

1
1+ 22

Paccmorpum dyskunuio f(z) = ) (puc. 13). To-

IJIa HeonpeaeaeHHbH HHTerpal / 1—-?_—5—2 €cTb mepBooOpa3Hasi JJist

f(2) = ! MaJIbIM apKTaH-
: 1422 1+ €2
TeHCOM 2, arctg z = / % , (arctg z)’ =
1+ &2 1+ 22

0

T

/ dt =arctgrnpu 2 =2z
J 1+ grupnz==
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143
[Tokazare, uto arctgz = élgln ( + zz).

1—-iz

Panee Mbl n0Ka3ajiu MHTerpaJbHyl Teopemy Komm jyisi aHa-
qautudeckoit Gynkuuu f(z) B omHocBsizHON obsactn D. MoxHo
MOCTaBUTh 33Jady, B KAKOM-TO CMbicjie 00paTHyo maHHo#. Eciu
B OAHOCBsI3HOM obsacTu 3agana dbyukuus f(z), Aas KOTOpO# HH-
terpan [ f(£)d§ = 0 no awbomy koutypy I' C D, T0 MOXHO 11

r

yTBepXKAaTh, 4T0 f(2) € A(D)? OTBeT MOJOKUTEbHBIH, €CJIH 10-
tpeGoBarb, uro f(z) € C(D). CupaBemiuBa cieayouas TeopeMa.

|Teopema Mopepa. | [Tycms D - odnoceasnas obaacms u f(z) €
C(D). Ecau dan arobozo xoumypa I' C D

/f(z) dz=0,

mo f(z) € A(D).
Hoka3sareascTBo. Begem dpyHKuuo

F(z) = / 76) de.

29 — duKcHpoOBaHHAA TOUKa, 29 € D, z € D. B cuny ycnosus Teo-
peMbl onpenenenune GbyHkuun F(z) KOPpeKTHO, Tak Kak 3Ha4YeHHe
dyukuun F(z) He 3aBHCUT OT BhIGOpa KPHMBO#, a 3aBHCHT TOJIBKO
OT HAYAJbHOH U KOHEYHOH TOYeK.

PaccMorpuM pa3HocTb

2+Az
F(z+ Az) — F(2) )= zf (f(&) — f(2)) d¢
Az Az
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Torza

FEXBI2FE s < max 17(6) - 1.

[z.2+A2]

Tem cambiM npoussogHas F'(z) = f(z). Tak xak f(z) € C(D), o
F'(z) € C(D) u, Takum obpaszom, F(z) - aHanuTHIecKas QYHKIUSA
B objactu D. Ho ananutuueckas pyHkmua uMeeT GeCKOHEYHO
MHOTO NPOU3BOJHBIX, OTCIOJa ciaenyet, yto f(z) € A(D). Teopema
JOKa3aHa.



MPUHIIAII MAKCMMYMA MOIYJISI
AHAJINTUYECKON ®YHKIINMN.
IMPUHIINIT MAKCUMYMA
TAPMOHMYECKOM ®YHKIINN

! TAPMOHMNYECKUWE ®YHKIINN.

nekuymns

Paccmorpum dyukuuio f(z) € A(D). Ilo aokazanHomy paHee
caenyer, uto f(z) — 6eckoneuno auddepennupyemas GyHKIHS.
Ecan f(z) = u(z,y) + iv(z,y), To dyaxkuun u(z,y) u v(z,y) Tax-
ke aBigioTcs 6eckonedHo aquddepeHuupyemeiMu yukuuamu. 13
ycaosuit Komn-Pumana BhiTekaer, 4To

"o o_.n _n ”
Upy = Uy = Vyy = —Uyy,
T. €. Uy, + Uy, = 0. Ananoruuno vy, + vy, = 0. Beegem B paccmo-
TPEHHe OIIepaTop
82 32
= — 4+ —
or?2 = oy*’

KOTODBIH Ha3biBaeTcs onepamopom Jlanaaca.

Onpenenenune. Pyukuust u(zr,y), ABax (bl HenpepbiBHO Auddepen-
uupyemas B o6nactu D (o6osnauenue — u(z,y) € C?(D) ) u yno-
BJeTBOpAIOMIas ycaoBuio Ay = (0, Ha3bIBAETCS 20PMOHUYECKOT.

Ms1 nokasauy, yro ecim f(z) € A(D), 1o Re f(2) u Im f(2)
ecTb rapMoHuyeckue pyHKuuu B obaactu D.

IIpeanonoxkum, 4yro B obsactu D 3amaHa rapMOHHYECKas
dbysxuus u(x,y). Bo3HMKaeT BONMPOC - MOXHO JM MO JAHHOH
rapMOHMYeCKOi (DYHKLMH MOCTPOUTb AHAJUTHYECKYIO (DYHKIHIO
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f(2) Takyio, uto Re f(z) = u(x,y). Ilokaxem, uro ecau obaacTob
D — 0JHOCBSI3HAS. TO BOIPOC PEIaeTCs MOJIOXKHTENbHO.

[Tycts D — oanocBsa3Hasa obaactb u u(x,y) — rapMoHMYecKas
dbyvakuus B D. Beeaem dyHkumio

(z.y)
v(z,y) = / —u, dx + uy dy

(z0,y0)

rae Touku (T, Yo), (2,y) € D. Onpenenenne byukuuu v(z,y) Kop-
PEKTHO, TaK KaK HHTerpaJl, CTOSIHA CIpaBa, He 3aBUCUT OT BbIOO-
pa nytu uHTerpupoBanusi. Ecin I’ — KoHTYD (3aMKHYTast, KYCOYHO-
rJaaKasi XKOpJaHOBA KPHBas), TO

/—u; dr +ul dy = // [%(u’z) - (%(—ué,)] dxdy =0
Dr

r

(ucnosb3oBanu yciosue Au = 0).

Hudbdepenunan oynxuun v(z,y) ects dv = —u; dz + u, dy.
[Mosromy v, = —uy, v, = u; u Av = 0, r.e. v(x,y) - rapMoHHYe-
ckast ¢pynkuus B obaactu D, dbyskuuu u(z,y) u v(z,y) cBa3aHbl
ycaosuamu Komn-Pumana u dbyskuus f(2) = u(z,y) + wv(z,y)
aHajuTH4YHA B D.

Dyukuust v(x,y) onpegensiercs no dbyHkuuud u(r,y) ¢ TOYHO-
CTbIO A0 KOHCTAHTHI.

[Tycrs dyveknust u(z,y) rapMonuyna B D u Touka zg € D; To-
raa cyuwecrByer okpectHocTb Ug(29) C D, € > 0. Tax kax Ug(z) —
OAHOCBsI3HAas 006JacThb, TO cymecTByer byHkunsa f(z) € A(Us(z))
Takas, 4to Re f(2) = u(z,y) no gokaszaunomy pasee. Ho Re f(z)
ecTb byHKIHs 6eckoHeuHO-IubdepeHnupyemas, nosroMy u(x,y)
GeckoneyHo-ubdepenunpyema B U (zp). Tak Kak 2y — NpoU3BOJib-
Hasi TOYkKa objgactu D, To OTCioZa CieayeT, YTO rapMOHHYECKas
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byukuusa u(x,y) - beckoHeuHo-auddepeHunpyeMa, o603HaUeHHE
u(z,y) € C*(D).

Pacemorpum dynkumio f(z) € A(D) u kpyr {z : |z — z| <
r} C D, 25 € D, r > 0. ITo popmyse Komn

1 f(2)dz
f(z) = 37 p—
|z—20|=r

CuenaeM 3aMeHy mepeMeHHOrO:

z =z + 1€, @ €0,27],dz = rie’ dp.

27

1 .
rie" dp = 5 / f(z0 + re*?) dy.
0

2n
1 .
=5 /f(zo + re'¥) dp
0

HOCUT Ha3BaHHE (DOPMYJIbI CPedHE20 3HAYEHUA.
Ecnn f(z) = u(z,y) + iv(x,y), T0 oTmenss ngefCTBUTEIbHYIO U
MHUMYIO 4YacTu B dopmyJie, 6y1eM MMeTh

Z()) =

/ f(zo + re"”)

®DopmyJia

27

1
u(%o, o) = 5~ /u(xo + 108 p, Yo + rsiny) dp,
0

T. €. OpMyJIa CpelHEro 3HAYEHHs] CNIPABEIJIMBA U [JIsl FAPMOHH-
yecKUX pyHKuuil.

®opmyna cpesHero 3HavYeHHs I aHAJIUTHYeCKoil pyHKuuw,
Tak>Ke Kak W popMmyJsia cpeJHero 3HAUeHHUs IJIsi FapPMOHHYECKOH
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yHKUMM, HCTIOAb3YeTCss A5 J0KA3aTeJbCTBA NMPHHIMIA MAKCH-
MyMa MOYJif aHAJIATHYECKOH (PYHKIMM MJIM /15 JOKa3aTebCTBa
NpUHIMIA MAKCHMyMa rapMOHMYeCKOH (pyHKIMH.

IIpuHOUN MaKCUMYMa MOAYJIS aHAJINTUYIECKO d)ynxn;nnl

Teopema. Ilycmo f(z) € A(D), M = sug|f(z)|, f(z) # const;
z€

mozda dasn mobot mouxu z € D caedyem |f(z)] < M.

DTa TeopeMa M HOCUT Ha3BAHUE NPUHYUNG MAKCUMYMA MOOYAS
aHasumuyeckol GyHryuy.

JokazareascTBo. Ecau M = 0, To f(2) = 0; ecnu M = +o0,
TO HepaBeHCTBO |f(z)] < M cnpasemiuBo Bceraa. [loaromy G6vaem
cyuTaTh, 4To 0 < M < +o00. JokazarenbCTBO MPOBEIEM OT IIPO-
THUBHOrO: MYCTh CYVIECTBYET TOYKa 29 € D Takas, 4to |f(20)| = M.
ITokaxxeM, 4yTo Ha M060H OKpYKHOCTH {2 : |2—29| =r} C D,r >0
monyab bynkuun | f(z)] = M. Tpeanosnoxum, 4To 3TO He Tak, T.e.
YTO Ha OKDYXKHOCTH |2 — 29| = r CyllecTByeT Touka z = zp + re'?!,
B KoTOpO# |f (20 + re®t)| < M. Tax kak |f(zo + re)| dbynkums
HenpepbiBHAS, TO CYIIECTBYET WM NpPaBas, WJH JieBas, WM MOJ-
Has 0-OKpecTHOCTb, & > 0, TOYKM (o, Takas, 4TO AJd BCeX @ W3
3TON OKpecTHOCTH HepaBeHCTBO |f(zp + re?)| < M coxpansiercs.
Ipeanonoxnm, 9to as ¢, < @ < @1 + 6 3to Tak. Ilo dpopmye
CpefHero 3Ha4YeHWs [1sl aHAJUTHYIECKON (YHKIMHM MOXKeM Halu-
carb

3 ®yukuuu
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TOrAa

P1+9

1
1 .
[f(20)l = M < |f(20 +re®)|do+ [ |f(z0+7e¥)|dy
2r
0 @1

2r
+ / 1 (20 + re'®)| dp

w146

HIIH
1
|f(20)] < o [Mepr + 6M + M(27 — 01 — 6)] = M.
[Ipumy K OpPOTHUBOPEYMIO, MPEANOJIOXKHB, YTO HAa HEKOTOPOM

OKpyKHOCTH {|z — 2| = r} C D cymecTByer Touka z = zy + re?!,
B KOTOPOi1 | f(29+re*!)| < M. Caeaosare/bHo, Ha JI060H OKDPY K-

Hoctu {|z — 2| = r} C D cupasesauso paseHctso |f(z)| = M;
TeM CaMbiM B MaKCHMAJbHOM KpYyre, KOTODBIi MOXKHO BIIHCATb
B obnactb D, ¢ umeHTPOM B TO4YKe 2y, paseHcTBO |f(2)] = M
COXPaHSAETCH.

Tenepb nokaxeM, 4To aid Jwboi Touku z € D |f(2)| = M.
Tak kak obaacTb D — OTKPHITOE U CBI3HOE MHOXKECTBO, TO CYIIe-
crByeT HenpepniBHas Kpusas ' C D, coemuHsiomas TOUYKH 2o H
z. HenpepsiBHas kpusas ' — komnakt. [lycrs & = p(I',0D) =
1relg 1 p(z1,22) > 0. Ecam § = +00, TO B KauecTBe § MOXKHO B3AThb

2
z2€l2

J000e mosiokuTeabHoe yuciao. I[lo semme [eitne-Bopenst u3 jro-
00ro OTKpBHITOrO NOKPHLITHS KOMIIAKTa MOXKHO BbIOpATh KOHEYHOE
NOANOKPHITHE. YCTPOMM OTKPBITOE MOKPHITHE TAKUM 0Opa3oM: Ka-
XKIAYI0 TOYKY KpHBOM [ MOKpOeM OTKPBITHIM KpyroM paauyca 6/3
C IIGHTPOM B 3TO# TO4Ke. VI3 3TOro OTKPHITOr0 MOKPHITHS MO JieM-
Me [eiine-Bopesiss BbibepeM KOHE4YHOE YKCJI0 KPYroB, 00pa3yomux
TakxkKe nokpoiTHe Kpusoiét . IlycTb UEHTpbI 3TUX KpPYroB CyTh
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21, 22y - - - 1 Zn, HYMEpALUd TOYEK B HAIIPABJIEHMH OT TOYKH 2y K TOU-
ke z, mpu 3TOM {z : |z — 2| < 0/3} N {z: |z — zi41 < §/3|} # O,
i=1,2,...,n—1. PaccmoTrpuM Kpyr paauyca § ¢ UEHTPOM B TOY-

Ke zo. T0YKa z; JEXKUT B 3TOM Kpyre M IO AOKA3aHHOMY paHee
B atoM Kpyre |f(z)] = M, caemoBarenwHo, |f(z1)| = M. Hdanee
PaccMOTPHUM KpYT pajuyca § ¢ IEHTPOM B TOYKe z;. B ITOM Kpy-
re JIeXXUT TO4YKa 2 ¥ B 9TroM Kpyre |f(z)] = M. CnexosarenbHo,
|f(z2)] = M. Ilpouecc paccMoTpeHHs1 KpyroB O6yJeM MOBTOPSITH M
yepe3 KOHEYHOe YHCJI0 IIAroB MpHAEM K KPYTy ¢ LEeHTPOM B TOY-
Ke 2, ¥ paguycoMm 6. B srom kpyre moayib pyHKuuu paseH M,
HO TOYKAa 2 JIEXHT B 3TOM Kpyre, cjegoBarenbHo, |f(z)] = M.
Urak, aaa mobo#t Touku z € D |f(z)] = M. Ilokaxem, 410 OT-
cioga caenyer paseHcTBO f(z) = const. Tax xak |f(z)] = M, To
If(2)? = v?(z,y) + v¥(z,y) = M?. Unmeem

u-up+v-v,=0
l; /' _n?
U Uy — V- Uy = 0
B cuiiy yciouiit Komu-PuMaHa cucreMy yvpaBHEeHHI MepenuiieM B
BUE
=0
0

u-u, —v-u

AN

VU U Uy =

Tak kak u?+v? = M? > 0, To peleHHe OIHOPOJHOM CHCTEMBI €CTh
ul = u, =0, T. e. u(x,y) = const. Ananoruuso, v(z,y) = const u
f(2) = const, 4To NpoTHBOPEYHT YCIOBHIO TeopeMmbl. Tem caMbiM
TeopeMa J0Ka3aHa.

ITo xoay JoKa3aTeabCTBa Mbl PELIMJIN CICAVIOULYIO 334a4y.

Myers dymxuns f(z) € A(D) u [f(2)| = const

obnactu D. Jokazarh, 4To f(z) eCTb KOHCTAHTA.

Caencreue 1. Ilycrs o6aacts D — orpaHHYeHHas O6JACTb M
f(z) € A(D)n C(D). Torma |f(z)| mocTuraer Makcumyma Ha
3*
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rpaHnue obJ1acTu.

Caencrsue 2. Ilycts obnactb D —~ orpaHuyeHHas 06s1acThb, PyHK-
man fi(z) € A(D)NC(D), fa(2) € A(D)NC(D) n Ha rpanuue
obnactu fi(z) = fo(2). Torma fi(z) = fo(z2), 2 € D.

Caencrsue 3. Ilycrs D - orpanuventas obnactn; f(z) € A(D)N

C(D), f(z) # 0,Yz € (D). Torna munumym |f(z)| nocturaercs
Ha rpanuue obsactu D.

Bazaua 15.| BepHo au ciencrBue 2, eciiv yCJIOBHE OTPaHHYEHHO-

ctu obsactu D cHATB?

IIpuunun makcumyma rapMoHNYecKoil pyHKIHMU

Teopema. I[Iycmv gynxyus u(z,y) 2apmonuvna 8 obaacmu D,
u(z,y) # const u nyemv M = supu(z,y), m = iILl)f u(z,y). Toeada
D

das moboti mouxu (x,y) € D cnpasedausv. Hepasercmesa
m < u(z,y) < M.

OTa TeopeMa HOCHT HA3BAHUE NPUHUUN MAKCUMYMAE 204PMOHUYE-
cxoll PyrKyuu.

Tak Kak aj1a rapMOHHYecKo# PpyHKuHY crpaBeniuBa ¢bopmyia
CPEAHEro 3Ha4YeHHs!

2

1 ,
u(Zo, Yo) = o /u(xo + 7cosp,yo + Tsinp) dp,
0

TO, IOBTOPSS JOCJOBHO JOKa3aTeJIbCTBO T€OPEMBI O MIPUHIUIE MaK-
CHMYMa MOJIYJs AJsl aHAJUTUYECKONH (DYHKIMH, e UCTIOb3yeTCs
aHaJioruyHas hopMyJia cpegHero 3HaueHus, NoJyIuM JoKa3aTeb-
CTBO JAHHON TeopeMmbl.
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Caencreue 1. Ilycte D - orpanuyueHHas o6J1acTb, a (pyHKUUs

u(z,y) € C(D) u rapmonnyuna B D. Torza MaKCHMyM 1 MHHHMYM
byHkuun u(z,y) AOCTHraeTcs Ha rpaHuue obnactu D.

CaenctBue 2. Ilycte D - orpaHuueHHasa obJactb, ¢QyHK-
mun u(z,y) ¥ us(x,y) rapMonmuHsl B obsacté D, mpu 3TOM
ui(z,y) € C(D), uz(z,y) € C(D), wi(z,y) = uz(z,y), (z,y) € 6D.
Toraa uy(z,y) = us(x,y), (z,y) € D.

3azgaua 16. | BepHo nu ciencrBue 2, ecyiu yCJIOBHE OTPAHHUYEHHO-

ctu obsiacty D cHaTbh?

CdopmynupyeMm 3anauy dupuxse i oneparopa Jlamaaca.

3agaya Jdupnxae. Jana obaacmo D u Ha epanuye obaacmu 3a-
dana nenpepwenan ynxyus o(z,y). Hocmpoums 2apmonuveckyro
dynxyuro u(z,y) 6 obaacmu D, nenpepvienyro 6 D u maxyro, wmo
u(z,y) = p(z,y) Ha epanuye.

Sagaua JupuxJie paspeniuMa He 4 jo6oit obaactu. ITozxke ajia

obJiacTeii cenua bLHOrO BUAA MBI B IBHOM BH/IE TIOJIYYUM pelleHHue.
Ceiiyac e Mbl MOXKEM CKa3aTh, YTO €CJIM pellleHHe CyLIeCTBYET U
obJylacTh OrpaHu4eHa, TO peiieHHe 3a7auu Jupuxiie eIuHCTBEHHO.
910 ciegyer u3 ceicTBUSA 2.
Urak, eciu byukuus f(z) € A(D) n omindHa OT KOHCTAHTBI, TO HU
B OJHOW BHyTpPeHHel TouKe 00JIACTH ee MOLYJb HE MOXKET NPHUHHU-
MaTh MaKCHMAaJbHOro 3Hayenusi. Ecan ke dbyukuusa f(z) € A(C),
T. €. ecThb uejasg (pYHKUHUSA, TO, 3HAA OLEHKY MOAYas (PYHKIHH
CBepXy, MO>KHO FrOBOPHUTb O €€ BHAE, HHaYe rOBOPsl CIPaBeILIHBa

'Teopema JImysmmas.| ITycmv f(z) € A(C) u cywecmsyrom
a>0, M >0 maxue, wmo Vz € C — |f(2)| € M|z|*. Toeda f(z) -
MHO204AEH, CTRENEHD KOMOPO20 He npesviwaem (o] — yeaol wacmu
wucaa o

Loka3zarenncrso. IlpencraBum o B Busie a=m + r,0 < r < 1,
[@] = m. Bosbmem TOUKY 2o ¥ R > 0; Torja no mHTEerpajbHOM
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dopmyie Komu

=g [ 1O

2w E—2’
[§—20|=R
o +1)! d
FUI () = ([a]27ri ! / 3 Ji(i)))[f]ﬂ)'

|6—20|=R

Ouernm fal+1) (z):

l%l\*

|

(o] +1)! 20R(R+ |y (A + D! (” R
21r Rle+2 - Rlal+1-a

|f([a]+1)( 0) |

Tax kak f(z) - nenas, To npu R — +oo monyunm f{e+1)(2) =0.
Tak Kak zy — NIPOM3BOJbHAA TOYKA KOMILIEKCHOM IJIOCKOCTH, TO
fled(z) = 0, 1. e. dbynxuua f(z) ecTb MHOrOYJIEH, CTENEeHb
KoToporo He npesBocxoaut [a]. Teopema nokasana.

Caeacreue. Ilycrs f(z2) € A(C) u cymectByer M >0:Vz € C
— |f(2)] € M. Torpa f(z) = const.

Hoxkasars gemmy IlIBapua: Ilycrn

f(z) € A(lz] < 1)NC(lz] < 1), f(0) = 0. Eem |f(z)| < 1,
s |z| < 1, ro |f(2)] < |z, |2| € 1. Tlpuyem, ecnu cymecTByer
o : 20| <1, | f(20)] = |20}, TO

a € R, a - pukcupoBaHHoe YHCJIO.

3anaua 18.| Ilycrs peiictBurenbHas dyHkuus u(z,y) rapMOHHY-
Ha Ha BCel KoMIuieKcHo# miockocTu C u orpanuyena ceepxy (orpa-

HHYeHa CHU3Y), T. e. cymwectByer M : Vz € C u(z) = u(z,y) <
M (> M). Joka3zats, uro Toraa u(z,y) = const.



YUCJIOBBHIE N
OYHKIINOHAJIBHBIE PsA bl

nekuyuns
Iycrs {z,} - NOCIEIOBATENIBHOCTL KOMIUIEKCHBIX YHCEI.
Boipaxkenue 2y + 29+ ...+ 2, +... Ha3bIBaeTCA PAJOM H3 KOM-

oo
IIEKCHBIX 9HMCE] M 0DO3HAYAETCH KAK Y, 2,. BBEIEM 4YaCTHYHYIO
n=1

n
CYMMY pdaa Sn = Z 2. Pﬂ,ll Ha3bIBaeTCAa CIOdﬂU,QUMC.ﬁ, n UMeer
i=1

CyMMy, pPaBHYWO uyucay S, ecau cymecrByer lim S, = S. O6o-
n—0oQ

o0 o0
3HaunM S = Y z,. Tewm cameiM mo ompesenesuio S = Y z,,

n=1 n=1
eciu

Ve >0, IN(e), Vn > N(e): |S - sz| <e.
k=1

n n o0 -
Tak kak S, = > 21 +7 Y Yk, DU 2, = Tp+1Y,, TO PAL D 2, CXO-

k=1 k=1 n=1
o0 o0

AUTCA TOTAA U TOJBKO TOTJA, KOTAA CXOAATCS PALBL D . Tn, Y. Yn-
n=1 n=1

Takum 06pa3oM, aJid pAJOB U3 KOMILJIEKCHBIX YHCEJl CIpPaBeIJINB
Kpurepuit Kommu, aHanmoruyusiit kpurepuio Komm s psgoB u3
AEHCTBUTEILHBIX YHCE.

oS
Kpurepuit Komm. Pad 5. z, czodumca mozda u moavko mozda,
n=1
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K0200

Ve >0, 3N(e), Vn = N(e),Vp e N:

Heobxoaumoe yciioBue cxomuMocTH paja: lim z, = 0.
n—oo

oo
Pﬂ,ll; Z Z, Ha3bIBaeTCs abcomrommo CCCO()‘H,U,;UMCJI, €eCJIn CXOIUT-
n=1

o)
Ccda pan Z |Zn|. U3 abcontoTHO# CXOOUMOCTH CJjieaAyeT CXOAUMOCTDb
n=1

o0
psga Y. z,. Tak kak |z,| >0, To Bce npusHaku aGCoMOTHOMN
n=1

[o o]
CXOQUMOCTH PSJa C KOMILJIEKCHBIMH YHCJIAMH Y | 2, CIIPaBEIJIHBHI
KaK MPU3HAKN CXOAMMOCTH PSIOB C HGOTprIU;a’IT‘lelelbﬂblMﬂ YjI€eHaMH.
Cwmotpu, Hanpumep, [4].
IIycrs muoxkectBo E C C n Ha F 3a5aHa 10C/j1€10BaTeIbHOCTD

dyukuuti {f.(2)}, z € E. Pan > f.(z) HasbiBaeTcsa dynxyuo-
n=1

HAALHOUM pAdom. CxoauMOCTb (DYHKIHOHAJIBHOIO psifia HA MHO-
)kectBe E' Moxxer ObITh MOTO4e4HOH u paBHOMepHOU. Ilorodeynas
CXOAMMOCTb — CXOJUMOCTb B KaxKJ0# TOYKe MHOXKecTBa F Kak cXo-
JUMOCTb YMCJIOBOTO PsAJA.

o0
Onpeaenenne. | DyHKUHOHATBHBIA DAl Y fn(2) czodumes paeno-

n=1
mepro Ha mrooicecmee E k dynkuun f(2), ecsn

Ve >0, IN(e) >0, Yn > N(e), Vz€ E: f(z)—zn:fk(z) <e.
k=

o0
Kpurepnit Komn paBHOMepHO# cxomumoctu. Pad Y f.(2)
n=1

crodumca Ha muoocecmee E pasrnomepro mozda u moavko mozda,
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%0200
Ve >0, 3IN(¢), Vn 2 N(e), VpEN, Vze€ E:

far(2) 4o Faspl2)] <6
HYCTB fn(Z) = 'U‘n(lll, y) + 'i’Un(.’L', y)
Teopema. Pad ). f.(z) cxodumca pasnomepro wa E moeda

u_ MOAKO moeda xozda pasromepro Ha E cxodamcsa dea psada

> un(z,2), Zvn z,y).

n=1
,Z[pl(asa're.nbc'mo cjaeanyer U3 CnpaBedINBOCTH HEPDABEHCTB:

n+p n+p n+p

Y <) w@y)|+| Y vlzy)|;

t=n+1 i=n+1 t=n+1
n+p n+p n+p n+p
> ulmy)| <| Do f@)|, | 2wl <| 30 fiG)
i=n+1 i=n+1 i=n+1 i=n-+1

OrMeT¥M HeKOTOpbie CBOMCTBA PABHOMEPHO CXOISLIMXCH Ps-
JI0B, KOTOpble HaM MOHAX00ATCS B JaJibHEHIIeM.

1. ycry ana awboro n € N f,(z) € C(E) n pan f: In(2)

n=1
cxonuTcst pasHoMepHo Ha E x dynkuuu f(z). Torma f(z) € C(E).
2. Tlycre ans mo6oro n € N cyuiecTByer HHTerpaJi f fa(2) dz,

paj Z fa(2) cxoaurcs paBHoMepHo Ha KpuBoil [’ k byHkumuu f(2).

Tor,ua cywecrsyer unterpau [ f(z)dz, npu sTom
r

F/ f(2)dz = f; l‘/ fal2) dz
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[oka3aTeabCTBO ITUX CBOACTB CjlelyeT W3 NpeablAyIel Teo-
PeMBI ¥ aHAJIOTMYHBIX CBOHCTB NefCTBUTE/bHBIX panoB. CMoTpH,
Hanpumep, [4].

oC
Onpenenenne. Pyuxkunonanvusiit pag Y, fn(z) cxodumcs pasmo-

n=1

mepHo enympu obaacmu D, ecnu psg i fn(2) cxomutcsa pasHo-
MepHO Ha Jiobom komnakre K C D. "

3aMeTnM, YTO yCIOBME PABHOMEPHON CXOAUMOCTH BHYTpH — 60-
Jiee cinaboe ycyioBHe, YeM YCIOBUHE PABHOMEPHON CXOAUMOCTH.
IlepBast Teopema Beifepmutpacca. ITycmo f,(z) € A(D) odaa

Mo6o2o n € N u daa awobozo xomnaxma K C D pad Y, fu(2)
n=1

cxodumcsa pasromepho % f(z) na K. Tozda
1) f(z) € A(D);
2) f9(z) =3 f¥(2), z € D.

n=1

o0
Pad Y, f,(lk)(z) CTOOUMCA PaBHOMEPHO BHYyMPU obaacmu D.
n=1

Hoxka3zareabcTBo. [is moboro zp € D cymecTByer 3aMKHyTas
okpectHOCTh Us(z9) = {2: |2 — 2| <6} C D, 6 > 0. Ilo unre-
rpasibHo# ¢dopmyiie Koun

= —1— fn(é—):lf, z € Ug(zo).

o0

Tak Kak MHOXeCTBO |£ — 29| = § — KOMNaKT u panx Y fn(€) cxo-
n=1

JIATCA PaBHOMEpPHO Ha |€ — 2| = 4, TO
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[ =) _falx) = 2% / fz(f) :l&

{§—zo0|=06
L (_ f"(‘f)) € 0 1 e
2mi £ —2 "~ 2mi E—2z
|§—20|=6 |€—20]=0

13 paBHOMepHO# cxoauMocTH psja Ha |[€ — 29| = § cueayer, uro
f(€) € C(|§ — 29| = 6); Torna muTerpan — LS €cTb
2l e_sop=s €72

nHrerpat tuna Komu, KoTopei#f fiBsieTC aHAJIMTHYECKOH PYHK-
uueit BayTpH Us(2), T. e. dbyuxkuusa f(z) € A(Us(2)). Tak xax
TOYKa z9 — MPOU3BOJIBHASA, 29 € D, 10 f(2) € A(D).

JokakeM cnpaBefjiMBOCTb BTOPOro yTeepxkaeHus. s so6o-
rokeN

f,(zk)(z)=£!—. / n(§) dE_ z € Us(zo).

2mi (& — 2)k+1’
[€—20]=6

o
U3 pasHoMepHO# cxomumocTd psaga Y. fn.(£) Ha MHOXKecTBe
n=1

€ = 20| = & caenyer

So-k, [ B

n=1

l6—20|=6
k! f(§) d¢
"3 | G I
|€—20|=6

Ocrasoch J0Ka3aTh pPaBHOMEPHYIO CXOAMMOCTb BHYTpH 00J1a-

00
k
cru D psaga Y f,(I )(z). HanoMmuuM, 4T0 paBHOMEpHas CXOAUMOCTb
n=1



76 Jlekuus 6

BHyTpH 06s1acT D ecTb paBHOMEPHAs! CXOAMMOCTD Ha JII0O0M KOM-
naktre K C D. TlokaxkeM, 4TO 3TO YCJOBHE IKBHBAJIEHTHO PaB-
HOMEPHOH CXOAUMOCTH Ha J1I000M Kpyre, jexameM B obsactu D.
JleficTBUTE/IbHO, €CJI €CThb PaBHOMEpHAas CXOAMMOCTb Ha JIIOOOM
KOMMaKTe, To OyseT paBHOMepHas CXOJUMOCTb U Ha J1000M Kpy-
re, jexkaumeM B objactu D, Tak Kak Kpyr — KkomnakT. OG6patHo,
IyCTb €CTh PABHOMEDHasi CXOOAUMOCTb Ha JII0OOOM Kpyre, jexKaleMm
B obnactu D. Bosbmem komnakt K C D (puc. 14). B cuny sem-
Mbl [eiine-Bopens cymecTByer KOHEYHOE YHCJIO KPYTrOB, HOKPbI-
BalOmUX KOoMNakT K, MO3TOMY MOXHO B3dTb KPYI'H TakuM oOpa-
30M, YTO 3aMKHYTbIe KPYI'M LEJIMKOM NpUHaAJexar obsactu D.
Taxk KaK 4MC/IO ITHX KPYI'OB KOHEYHO, TO U3 PAaBHOMEPHON CXOIH-
MOCTH psiJla HAa 3THX Kpyrax OyJeT cjeJoBaTh €ro paBHOMEPHasi
cxoaumocTb Ha camMoM komMnakTe K C D. Hrak, 6yaem JoKa3bi-

o0

BaTh PABHOMEPHYIO CXOAMMOCTb PsAaa . f,(,k)(z) Ha JIIOOOM Kpyre
n=1

K cD.

®)

Puc. 14

[ycrs K = {2 : |z—2z| < r} C D. Cymecrsyer Kpyr 60Jib1ero
paauyca (0 <r <r) - {lz— 2] <} CD. llyctb 2 € K, T e.
|z — 2zp| < 7; UMeeM
(re1- £ nte)) as

@- o

96 -3 100 =5 [

— 27
= [€—z0|=m1
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15830

f(k) Z f(k)

.__M max
T () —r)k+l je- Zol"‘l

—Zfi(§)|~

o0
B cusy paBHOMEPHOH CXOAMMOCTH psia . fn(§) Ha M0BOM KOM-
n=1

naKTe cjeyeT PABHOMEPHAs CXOAUMOCTH PSIa i fi(k)(z) x fB)(z)

na kpyre K = {z : |z — 29| < r}. Tak xak prlr=1 IPOU3BOJIbHBI,
Jexkamuiit B obmactu D, To oTcioga ciieayeT paBHOMEpPHasi CXOIH-

MOCTb BHYTpHM obsnactu D psjga i f,.(k)(z). Teopema Beiteprurpacca
JOKa3aHa. =

Bropas Teopema Beiliepmrpacca. Ifycmoe D - 02PaNUNEHHAA
obaacmo, das mobozon € N f,(2) € A(D)NC(D) u pad E fn(2)
ca:odumcn pasromepHo wa 2panuye 0D obaacmu D. Toeda pad

Z fn(2) cxodumcsa paemomepro e (D) x mexomopoii dynxyuu
=1
f(z) € A(D)NC(D).
o0
HoxazarenscTBo. 13 paBHOMepHOI cxomumoctu psga Y. fn(2)
. n=1

Ha 0D cnenyer

n+p

> flz)|<e

k=n+1

Ve >0, dN(e), Vn > N(e), Vpe N, Vz € 9D :

n+p —
Ho Y, fi(z) € A(D)NC(D), nosToMy B CHJly NPUHIMNA MAKCH-
k=n41
MyMa MOIyJisi AHAIMUTHYECKON (DYHKIMHU ClleLyeT

n+p

> fil2)

k=n+1

<e, z€D,
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T. €. psj Z fi(2) cxomurca paBHOMepHO Ha D u, nodtomy, f(z) =

Z fr(z) € C(D), a no neppoit Teopeme Beitepmrrpacca f(2)

f4(lD). Teopema g0Ka3aHa.

Bce, uTo 6bL10 CKa3aHO A PYHKUHAOHAIBHBIX PSIOB, MOXKHO
nepeHecTH Ha (PYHKUMOHAJBHBIE MOCjenoBareibHocTd. Ecin 3a-
JaHa d)ynxunona.nbnaﬂ nocJjenosaresbHocTh {fn(2)}, T0o MOXKHO

COCTaBUTb P Z( fr+1(2) = fe(2)), npu 3TOM HYacTHYHBIE CYMMBI
Sp_ 1(z) = f,,(z) fl(z) U1, naoGopot, no GyHKIMOHAJILHOMY Psi-

ay Z fn(z) MO2KHO paCcCMOTPETb NMocjiea0BaTeIbHOCTh YaCTHYHBIX
n=1

n
cymm Sn(2) = ) fi(2).
k=1
PaccMmoTpum yacTHbIM ciiyvalt pyHKIHOHAIBHBIX PSANOB — cme-
o0

nennsie padw. Pan Buma ) an(z — 2)" Ha3bIBAETCS CTENEHHBIM
n=0

pSAJIOM C LEHTPOM Da3JIOXKEeHUsi B TOYKe 2, rae {a,} — dbuxcupo-
BaHHas MOCJIEJOBATEIbHOCTD KOMILJIEKCHBIX YHCEJI.

o0
IlepBas Teopema Abens.|Ecau pad }: a,(z — 2)" cxodumca 8

mouke z; # 29, MO OH CTOOUMCA 8 momce z: |z = 2| < |21 — 2,
npuxem abcoaommo.
=2

HoxkazareabcTBo. UmeeM |a,(z—29)"| = |an(21—20)"] P
1~ 20

[ o]
Tak Kak pan Y. a,(z; — 20)" cxomurcs, To cyuecrByer M > 0,
n=0
TaKoe, 4To |an,(z; — 20)"| < M pas moboro n € N. Torza obuumit
o0

WieH psjga Y an(z — 2p)™ YAOBJIETBOPSIET HEPABEHCTBY
n=0

Z =20

lan(z — 20)"| < M -q", rme g= <1,

21 — 20
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0
1 pas Y an(z — 2)" CXOmUTCsT abCONIOTHO.
n=0

BBeaem paanuyc cX0JUMOCTH CTENEeHHOro pdaia R=

1
im /|a.|
Ty /[l
B kypce MaTeMaTH4ecKOro aHajin3a J0Ka3biBaeTca Teopema Komn-
Azamapa (cM., Hanpumep, [4]).
Teopema Komm-Anamapa. Ecau R = 0 (m. e. lim {/|a,| =
n—oc

<
oc), mo pad Y an(z — z)™ cxodumea moavko 8 mouke zy. Ecau

n=0
R = oo (m. e.r_lirfm = 0), mo pad cxodumca abcorromno
60 ecel KOMNACKENOT naockocmu C u pasnomepro enympu C.
Ecau 0 < R < o0, mo pad crodumca abcoaromuo sHympu Kpyaa
|z — 20| < R, pasromepHo ewympu Kpyza; 8He 3GMKHYMO20 Kpy2a
pad pacrodumca.

[Tycts 0 < R. Tak kak obmuit wien psga a,(z — z9)" € A(C),
oc
TO 1o nepsoit Teopeme Befiepmrpacca f(z) = Y an(z — 20)"™ ecrpb

n=0
aHa;MTHYecKas (pYHKUHSI BHYTPH Kpyra |z — zg| < R, npu 3TOoM

oC

F®(2) Z nn—1)...(n—k+1)(z — z)"*

Z nn—1)...(n —k+1)(z — z)"*.
Honoxum z = z;, Toraa
(k)
f(k)(ZO) = k!ak, ap = f—(zo)

k!

Tem cambiM, ecain 0 < R, To CyMMa CTENeHHOrO psja UMeeT BHJ,

% £(k)(,
f(z)=ZI~E(!—°)(z—zo)k, z€ {z : |z — z| < R}.
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Qurypupyoomuit 34ech psn HOCHT Ha3BaHHe pada Tetinopa nnsg
dbyukuun f(z).
BosbMeM 0 < p < R u o6o3naunm M (p) = | malx |f(2)|, f(z) =
z2—zo|=p

i an(z — 29)". Tak xak f(z) € A(]z — 2| < R), TO

n=0

W)= 2 [ LEOE

7 (z0) 2ﬂi|£—'(— (€ — 2)™+!

’ k! M(p) M(p)
|9 ()| = 5 pkj; L9mp = TP"“’

— HepaBeHcTBo Komm aisa npousBogubix dyukuun f(z), k € N.
Jna k03¢pPpUIMeHTOB CTENEHHOro Psja UMeeM HepaBeHCTBa

M(p)
Pk’

I(lk| < ke N,

— HepaBeHcTBa Kowmwu 1i1a Kk03¢dpHHUIHEHTOB CTENEHHOr0 psja.

|Teope1v1a Teﬁ.nopa.l IIyemv pynxuyua f(z) € A(D) u mouxa
zg € D. Ilyemov p = p(z,0D) > 0 (p moorcem pasramvca 00).
Tozda pynxyuro f(z) moorcHo pasaodcumo 6 cmenenHoti pad

f(z) = Zan(z —2z)" z€{z: |2 — 2| < p},

n=0

KOmopuli CTOOUMCA PABHOMEPHO BHYMPU KpYaa, NPU IMOM

F™ ()

an = ——. U3 suda xo3pPuyuenmos a, caedyem, wmo
n!
pasnoscenue pynxyuu f(z) 8 cmenennoti pad eduncmeento.

JokazarenbcTBo. Bo3bMeM Kpyr ¢ HEHTPOM B TOYKE Zp M pa-
auycoM py, 0 < p; < p (puc. 15). Kpyr |z — 29| < p1 weauxom
npuHagnexxur D. Bo3bMeM Tak)Ke Kpyr ¢ LEHTPOM B TOYKE Zzy H
paguycoM pg : 0 < py < py.
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Puc. 15
PaccMoTrpuM TOYKH 2 : |z — 29| < po; ANA TaKMX 2 UMeeM
|§ z0|=p1
OyHKIHIO (4acTO HA3BIBAEMYIO AOPOM UHMEZPAAG) PA3JIO-
-2
JKUM B PSI;
1 1

E—z E—2—(2—2)
_ 1 _ 1 i(z——zo)"
(-2 (1-22) E-2iZ\E2

zZ—z

0 — < 1, To paccMaTpuBaeMbliii pAJ CXOAUTCH
§— 2 Pl
paBHOMepHO 10 € : | — 2| = py upu z € {z : |z — 2| < p2}-
[Tosromy

=g [ EE S (z2)

n=0

2
Tak kak p

—oo 1 Mi__ ~~n—oc —~7;.
- n=0 é;zlf /| (§ - Z())n-H" (Z ! '40) o nzﬂ).a"(z 40) )
—z0|=p1
1 FOdE F™(z)
" / (€—z)+t  ml

|€—20l=p1
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Tak kak py U po OblTH JIOOBIE, p; < p, pa < p, TO Pa3jIOKEHHe B
CTeNeHHOM psij| CIIPABEJIUBO B Kpyre |z — 25| < p — MaKCUMAaJbHbIH
KpYT C LIEHTPOM B TOYKe 2, Jexxamuit B obnactn D. Psia cxonutes
PaBHOMEPHO BHYTPH 3TOro Kpyra. Teopema n0kKa3aHa.
Paccmorpum dyakuuio f(z) € A(C) (uenas dyuxuus). ITo te-
opeMe Teilsiopa ee MOXKHO pa3.107KUTh Ha Beell KOMIJIEKCHOM 1JIOC-
Koctu B psijg Teitsiopa ¢ meHTpoM, Hampumep, B Touke 2o = 0:

o
flz) = Zanz", |z| < o0.

n=|

Jns kosddunuenToB uMeeM oneHKY (Hepasencmeo Kowu)

M
lax| < (kp)7 0< p< oo
p
Ecan |f(z)| < const, To nmpu p — +oo monyuum a; = 0, k =
1,2,..., 1 e f(2) = ap. Mbl goKa3ajnu CJ€ACTBHE U3 TEOPEMbI

JIMyBUJJIS, HCXOA U3 CTENeHHBIX PSIOB.
BrinuieM 17151 HEKOTOPBIX KOHKPETHBIX (DYHKIUH HX pa3JioxKe-

Hue B paabl Teitopa:
o0 n

1. e* = E—', |z| < o0
n=0 N:
oc (_l)n.z2n+1
2. sinz = T < o0;
2= “Gnrn o <
' n=0 (277,)’ ’ '
¢ z2n
4. chz = . |z] < o0
=2 Gy 1<
oc z2n+l
.shz= —_— |z] < .
S.shz=2 Gaymr 1<

Bazgaua 19.| [IpuBectn nmpumep GYyHKUHMOHAIBHOIO psA/ia, CXOAas-

Imerocss paBHOMepPHO BHYTpu obsiactu D, HO He cXoasiuerocst pas-
HOMepHO B obyactu D.
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3anaua 20.| Jokasarb aHajor TeopeMbl BeifepumirTpacca s rap-

MOHHYecKHX (PYHKUHUH: ecn nocjesoBaTeIbHOCTb {un(z)} rapmo-
Huvecknx dyHkuuit B 06.1actd D U HenpepbiBHBIX B D TakoBa, 4TO
o0

pan Y, un(z) cxoaurcsi paBHOMepHO Ha rpanune 9D obaactu D
n=1

(obs1acTb OrpaHMyYeHa), TO PSAJ CXOAUTCS PaBHOMepHO B D u ero
cVMMa eCTb rapMOHMYecKast GpyHkuusa B D u HenpepbiBHas B D.

Joka3atb, 4T0 ecsin nocegoBaresbHOCTh { fr(2)} Ta-
KoBa, 410 fr(z) € A(D), Vn € N, D - obsnactb, U N0CjIe10BaTE/Nb-
Hoctb {Re f,(2)} cxomutcsa pasHOMepHO BHYTpH D, a nocsieaoBa-
TesbHOCTb { fa(20)} cxoauTesa B Touke 2y € D, TO mocienosaresb-
HoCTb { fa(2)} cxomurcs paBHOMepHO BHYTpPH Obnactu D.

3amaya 22.| ITyets  {un(z)} - nocnenoBaTesbHOCTH rapMo-
Hudyeckux GyHkumit, lim u,(2) = u(z), npuyeM CXOOUMOCTB
n-—0o0

paBHoMepHa BHYTpu obsaactu D. I[lokasare, uro Torma u(z) —
rapMoHUYecKas GpYHKuus B obsactu D.



AHAJINTNYECKUX ®YHKIIUMN.
PA3JIOXKEHUE TAPMOHUYECKHNX

neKyuna
®YHKIINMN B PSObI

? TEOPEMA EAVMVHCTBEHHOCTH

Iycrs dyukuusa f(z) € A(U(2)), € > 0.
|Onpe,uenem«le. |Tqua 2o ABJSAETCS HYAeM Kpamuocmu k aHAIUTH-
deckoit byHkumu f(z), ecian

f(ZO) = 01 fl(zO) = 07 sy f(k-l)(ZO) = 07 f(k)(zO) # 0

Ecnu k = 1, To Hy/lb 2y Ha3bIBAeTCs NPocmuim Hysem QYyHKIUH
f(2).

V3 onpenesieHnss HyJisi KPATHOCTH k cjlefyeT, YTO B OKPECTHOCTH
Ue(zp) dynkuus f(z) npeacraBuma B BUze

f(z) = Zan(z —-2)" ar#0, |z—2|<e.

n=k

Tem cambiM f(2) = (2 — 20)%¢(2), ¢ € A(Uc(20)), ©(20) # 0.

| Teopema emuucreennocta.| [Tycmy danwe pynxyuu f(2), g(2) €
A(D), nocaedosamesvrocmo {z,} € D,( z; # z;, © # j), maxaa,
wmo cywecmeyem npedeavras mouxa zg € D. Tozda, ecau f(z) =
g(zk) 0aa awobozo k € N, mo f(2) = g(z), z € D.
Hoxa3arenbcTBo. Tak Kak N0CI€A0BATEIBHOCTD {2, } HMeeT npe-
JIeJIbHYI0 TOYKY 2g, TO CYUIECTBYeT MOITIOCJIEA0BATEIBHOCTD {2y, }

II0CJIeI0BATeNILHOCTH {2, }, CXOAsuasics K TOuKe zp. Bynem sty
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MOAINOCJIEIOBATeTbHOCTL 0003HauaTh {z.}. HWrtak, lim 2/ = z,.
’u n ’ n—oo n 0

N3 Toro, 4to 2y € D, cjenyer, 4TO CyLIECTBYET OKPECTHOCTD
U.(z) C D, € > 0. Pa3noxxum B 310# okpecTHocTH dyHKuuu f(z)
u g(z) B CTeneHHbIE PSAABL:

+00
f(z)=Zan(z—zo , g(z Zb (z —20)", |2— 20| <€,
n=0 n=0

rae ao = f(z0) = lim f(z); bo = g(20) = lim g(z;). U3 ycnosus
f(z) = g(2},) nast moboro n € N BbITeKaeT, 10 ag = by. Ilpeacra-
BuM dyukuun f(2) u g(z) B Buge f(z) = ag+ (z—zo)fl( ); 9(2) =
bo-+(2—20)01(2), 1€ f1(2), 91(2) € A(Ui(20)), fu(zh) = g1(2). Tlo-
BTOPAS Npelplayilee paccyxaenne, nojayuum fi(zg) = g1(20) unu
a; = b,. Ha (n+1) —M ware, noBTopsis TOT 2Ke NMPOLECC PACCY XK, 1e-
HUAM, TIOJYYHM, YTO A = by, a TeM cambiM f(2) = g(2), 2 € U(z0).

ITokaxkem, uto f(z) = g(2) ana mobo#t Touku z € D. Coenu-
HUM TOYKY 2z C TOYKO# 2o HenpepbiBHO# kpuBoit I' C D. Kpu-
Bag ' - koMnakr. A Tenepb NPOBEIEM J0Ka3aTEJbCTBO, AHAJIO-
THYHOE J0Ka3aTelbCTBY INPHHIMIA MAKCHMMYMa MOIYJSl aHAJIUTH-
4ecKO# (bYHKIHMH, & UMEHHO: YCTPOMM OTKDPBITOE MOKDPBITHE KOM-
nakra [’ kpyramu paauyca 6/3, roe 6 = p(I',0D), ¢ ueHTpamMu Ha
kpusoit I'. Ilo nmemme Ieitne-Bopensa cymecTByer KOHEUHOe YUCJIO
KPYT'OB M3 3TOr0 OTKPBITOrO MOKPBITHS, TAKKe MMOKPBIBAIOIINX KPH-
Bylo . Cocennue Kpyru nepecekaioTcsi M, CjleLysl U3 TOYKH Zy B
TOYKY 2, MOC/IEJ0BATEJbHO OyAeM MOJyYaTh PABEHCTBO hyHKIMH
f(2) = g(z) B srux kpyrax. [lociemnuii war npusBexer K Kpyry, B
KOTOPOM COJEPIKHUTCS JaHHasi TOYKa 2, CIeNoBaTesIbHO f(z) = g(2)
Ans jioboit Touku z € D. Teopema mokasaHa.

|Cnencreme 1.| Ilycrs dynkmma f(z) € A(D), nociexoBareis-
HocTh {z,} € D, z; # z;, i # j. Touka zy € D n 2y — npeneybHast
To4Ka {z,}. Ecan f(2,) =0, n € N, 10 f(2) =0, 2z € D.
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) € A(D), f(z) # 0; Torza Ha

Jo6om komnakte K C D dyukuus f(z) umeer He 6ojiee KOHEUHOrO
4yucaa HyJed.

[Tycrs dyskuua f(z) € A(D). Torma uam

f(z) = 0, umm B obsmactu D ¢yuxuusa f(z) umeer He GoJee
CYETHOr0 YMCJa HyJiell, KOTOpble MOTYT HAKaIIMBaThCH TOJIBKO K
rpanmie 06J1acTH.

[Tpumep, moaTBep:k gatoumuil, YTO mMpeaebHas TOYKa 29 € D —
0 CYILIECTBY.

Iycts D = {z : Rez > 0}, dyukuusa f(z) = sin (—i—) €

A(D), f(z£) =0, z, = 7r1k k=1,2,....Touku z; € D, llm 2z = 0.

IMpenenvnasa Touka 2z = 0 € 9D, f(zk) =0, Ho f(2) # 0

3anaua 23.| [lokasarh, uyro aa Jwboit obsactu D cyme-
CTBYeT NOCJI€NOBaTe]bHOCTh KoMmakToB {K,} Takas, 4To
oC

K, C Kpu, UK., = D. [Tlokasars, uto ais Jioboit
n=1
obimactu D cymiecTByeT  INOCJeIOBATEJbHOCTb  OTpPaHUYEH-
[e ]
Heix obsacret {D,} takas, yro D, C Dpy, U D, = D.

n=1

[IpuBectn npumep bynkmun f(2) € A(lz] < 1),

f(2) # 0, obpawarmooweiica Ha nocjeIOBaTeNbHOCTH {2,} B HyJb,
f(z:) = 0, |za] < 1 ¥ MHOXeCTBO NpEIENbHBIX TOYEK MHOCTIE-
JoBareabHOCTH {2,} ecTb Bcsi rpanuna obnacrm - 2| = 1.

Tenepb paccMOTpUM rapMoHHMYecKyio GyHKUHIO u(Z,y) B Kpyre

|z — 20| < R, R > 0. Tak KaK Kpyr ecTb OJHOCBSI3Hasl 00JIACTb,
To cymectByer ¢dyukuus f(z) € A(|lz — 2| < R) Takas, 4ro
Re f(z) = u(z,y). Pasnokum dbyHkuuio f(z) B cTeneHHol psij B
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3TOM Kpyre

+oc
f(2)=> an(z—2)", |z—z|<R.

n=0
[Iyctb Touka z € {z : |2 — 2| < R}, T.e. 2= 2+ pe*’, 0 < p < R,
U NVCTh A, = Oy + 15,. UMeem

420 +oc

f(z) = Z(an +iB,)p e = Z(anp" cos N — Bnp" sin ny)
n=0 n=0
+o00
+1 Z(ﬂnp" cos ny + a,p" sin nyp) .
n=0

Beenem oGo3nauenue f(zo + pe'?) = u(p, p) + iv(p, p), TOraa

+00
_ n n.:
u(p, @) = Y _(anp" cosnep — Brp" sinngp),
n=0
+00
v(p, ) = Y _(Bnp" coSTP + 0np” sin NP).
n=0
+00
JlBa TpHronomerpmyeckux psga . (apcosny + b,sinnyp)
n=0
+oc
u Y (chcosny + d,sinng) Ha3BIBAIOTCA  CONPANCEHHHMU,
n=0
ecii  MX  KO3OdHUUMEHTH  VIOBJIETBOPAIOT  COOTHOIIEHHIO:
a, =d,, b,=—c,, VYn € N.Mpbl nosnyunan, 470 KOMILIEKCHO-

CONPSIXKEHHbIM (PYHKUUAM COOTBETCTBYIOT CONPSAXKEHHbIE TPHUIO-
HOMeTpu4eckHe paabl. Vrak, rapmoHHyeckas dbyHkuus u(z,y) B
Kpyre |z — zp| < R pa3Jjlaraercs B psijl, PABHOMEPHO CXOAALIMHACS
BHYTpPH 3TOr0 Kpyra

+o00

u(p, ) = Y _(anp"cosny — Bup"sinng), p<R.

n=0
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ITokaxxem, 4TO 3TOT TPUTrOHOMeTpH4ecKuil psax ectb psig Pypbe
st byHKumn u(p, ), T. . K03 PHUUHEHTH ITOrO PAJa eCTh K0Ib-
dunuents psaga Pypoe. Paccmorpum ko3dpduumentsr pasioxe-
Husa yukuun f(z) B creneHHol psg — Koabduuuests a,. [lycrs
0 <r < R. Imeem

_ () 1 f(§) d¢
|§—zol=r

n

Cnenaem 3ameny & = z + re®, 6 € [0,2n], Toraa

27 .
1 f(zo + re®)
o rnt+lg(n+1)d
0

an =

27
. 11 ) )
. 10 _ - = 0\ _—iné
ire” df = - 27r/f(z0 + re”)e™"™ db.
0

Tak xak dbyukuus f(z) € A(|z — 2| < R), 10

1 m g _ —
oy / f)(E—-2)"d¢=0, m=0,1,2,...,
|§—20|=r

HJIH
27

'21_7r/f(20+rew)ei"0d0=0, n=1,2,....
0

,,.n

27
Tak KaK a, = ap + 16, = L. -2-1; [ [u(r, 8) + iv(r,0)] e~ db, To
0

27

_ 1 1 . iné
an+0=a,+ el / [u(r, 8) + v(r, )] ™ db
0
1 1 2n
=3 / [u(r, ) + tv(r,8)] - 2cosnd db.

0
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Tem caMbIM
2r 2
1 1 1 1
an = — - / (r,0)cosnfdb, Bp,=— = /v(r, 6) cosnf db.
rmoT Mmoo
0 0

C apyroit CTOpOHBI, IPEICTABHM @, B BHJE

UNRIPUD S O N it
an =ap, —0=a, - 27T/[u(r,«9)+w(r,9)]e de

27
1 1 . ..
=9 / [u(r, 0) + iv(r, )] (—isinnb) db.
0
[Tosromy
2w 27
1 1 1
= 7r/ (r,0)sinnbdf, B, = /u(r ) sinnf do
0 0
1 27 1 27
Tax xak a9 = — [ u(r,8) db, By = — [ v(r,0) df, To monyuaem:
2wy 2w

N 27
u(p, p) = +Z ((5) '%/u(r, 6) cosnf dé - cosny
0

27
+ (—)n l/u r,6) sinnf df - smncp)
s
0 (1)

27

v(p, ) = Fo +Z (g)n--;-_/v(r,e) cosnf dé - cos nyp

n=1

2r
AN
+(r) 7T/v(r 6) sinnf df - smmp)

0
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rnep< R,0<r<R.

Kak BuaHO, K03pODHIMEHTHI COOTBETCTBYIOUIMX TPHUrOHOME-
TPUYECKHX PAL0B ecThb Ko3bdunuentsl Pypove byuxuuit u(r,d) u
v(r, 8). 3amerum, uTo B pasnoxennu pyHkumii u(p,p) u v(p, ) B
paabl Pypbe mapamMeTpsl p U T He CBA3AHBI MeX1y COGOM.

Bagaua 25.| JokaszaTh, 4T0 QyHKIHs

R2—T2

wr,9) = R? +r?2 —2rRcos(f — ¢)

— rapMOHHMYecKast GYHKIMSA B Kpyre |2 — 2| < R, 2 = z9+71€?, r <
R, ¢ — dukcupoBano. Ee pasiioxkenue B psix UMeeT B

R? — r?
R? + 12 — 2rRcos(f — o) 1+2Z( )cosne #)

Ota QyHKUMA HOCHT Ha3BaHue adpa Ilyaccona.

3azmava 26.| Haiitu dyHKuMIO, rapMOHMYECKHM CONPSXKEHHYIO K
anpy Ilyaccona, u pasznoxuts ee B psag @ypbe.



MHOTI'O3HAYHBIE ®YHKIIV.
AHAJINTUNYECKOE IIPOJOJI2KEHUE

nekuus

o cux mop MBI paccCMaTpHUBAJU OAHO3HAYHBIE (DYHKIUHU KOM-
IUIEKCHOTO nepeMeHHOro. Ilepexoass K MHOro3Ha4HbiM yHKIH-
fIM, BCTAeT BONPOC O TOM, MOXKHO JIH BBIJEJIUTh COOTBETCTBYIOILHAE
00/1aCTH, Ha KOTOPBIX MHOrO3Ha4YHble (PYHKLIHM MOXKHO ObLIO Obl
paccMaTpMBaTh KaK OAHO3HAYHbIC WM Pa3feJUTh MHOIO3HAYHBIC
byHKUMH Ha TaK Ha3biBaeMble OJHO3HAYHbIE BETBH U NPUMEHHTH
K HUM TY TeOpHUIO0 DYHKIMHA KOMILIEKCHOI'O TIEPEMEHHOI0, KOTOPYIO
MBI J0 CHX IIOP paccMaTpuBaiu. Bce ckasaHHOE IIPOUJLIIOCTPUPYEM
Ha NpHMepax 3JieMeHTapHbIX GyHKIuH U 0OpaTHBIM K HUM.

1. PaccMorpuMm dyHKIMIO w" = 2 H 00paTHyIO K Helt w =
Yz, neN, n>1, w=w +iwy, z =2z + 1y (puc. 16).

w2

Puc. 16

Oynkuuss w" Ha BCelt KOMIUIEKCHOH IUIOCKOCTH W He sBJs-
eTCsl OJHOJUCTHOH, mO3TOMY obpaTHas K Hel &yHkuua Jw
MHOro3Ha4yHasi.  BblgeJuM Ha IUIOCKOCTH w OOJIACTH OJHO-
JUCTHOCTH yHKUuM w" (BHLAEIMTH OOJACTH MOXKHO IO-
PasHoMy). Mbl BCIO HJIOCKOCTH w pa3oObbeM Ha obsactu Dy,
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2
k=0,1,2,... ,n—1, e Dk={w : ?<argw<%(k+l)}.

Ha kaxgoit obasactu D, yskuusa w" ogHOJMCTHA, 00JacTb

D). ona orobpaxaer Ha miockocts C\R*, R* = {z : 0 <

x < +oo}. IIpu dukcupoBanHom k oOparHasi QyHKIHS
2k 2k

(V) = |2|*/m (cos (_____argz: il >+isin (__arng-li- ul )) -

TaK Ha3biBaeMas k-BeTBb MHOro3HauHo#t ¢yHkuum <{/z, ompe-
nenena wa C\R* u ognosnaunas — ona nepesogur C\R* Ha
obnactb Di. Tak kak Ha obnacru Dy PyHKuMsi w" OJHOJHCT-

Ha W aHajuthdHa, U (w") = nw" ! # 0, To no Teopeme 06

obparHo#t ynkuuu bynkuus (/2)y) asaamrtausa Ha C\R* n
1 1 1

(V2= =

Tl o ()T
TeMm caMbiM K k-oiff BeTBH MHOro3Ha4HOM GyHKUHH {/2 MOX-
HO NMPUMEHMTh TY TEOPHIO aHAIMTHYECKHUX PYHKIHI, KOTOPYIO MbI
paccMaTpHUBaJy IJIs OJHO3HAYHBIX AHAJUTHYECKHUX (DYHKIMA.

Ecnv Ha koMmmiekcHo#t myiockocTd z oboiiTu Touky z = 0 uim
Z = 0O OJIMH Pa3, TO arg z MOJIy4YHT NPUPAILEHNE 27T, U MbI C OZHOM
BeTBU {/Zz nepeiijieM Ha CJEAYIOLUYIO BeTBb. Takhe TOUKH Ha3blBa-
I0TCS MOYKAMU 8eMBACHUA MHOTO3HAUHOU DyHKIMH. 3adukcupy-
eM k-10 BerBb ({/z)x u oboiaeM Touky z = 0 (wmm z = 00) n pas,
TOT/Ia MbI TIPH/IEM K TOH ke BeTBH ({/2);. Takas ToYKa BeTBJIEHHs
Ha3bIBAETCH aszebpauneckolti moukoti eemsaenus nopsaaka (n—1).

Wrak, MHOrosHayHass pyHKuus {/2 JONYCKAeT BbiAEIEHHE T
PAa3JIMYHBbIX OJHO3HAYHBIX BETBel, KaxKJasd U3 KOTOPLIX ABISAETCS
ananutuyeckoit dyukuuedt Ha C\R™, Touku 0 ¥ 0o ABAAIOTCSA TOY-
KaMH BeTBJjieHus (n — 1)-ro mopsaxa.

2. Paccmotrpum dysknuo z = €Y, w = w; + twy, 2 = T +
iy (puc. 17). Tak kak byHKuMs €Y uMeeT nepuoy 2mi, TO Ha
BCell MJIOCKOCTH W OHA HEOJHOJIMCTHadA. Pa300beM IIOCKOCTh W
Ha obnactu Dy = {w : -7+ 27k < Imw < 7+ 27k}, k =
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0,%+1,%2,.... Ha obnactu Dy dbyHKIus € 0QHOJUCTHA, OITOMY
obpaTHas K Hell MyHKuus 6viaer ogHo3HayHoH. DPyHKuHsa €¥ OTO-
6pakaeT obsactb Dy Ha obaact C\R™, R™ = {z : —o0 <z < 0}.
meem e* = z, nosromy |z| = e*! n w; = In|z|. Toraa z = |z|e =
evl - e u wy = ¢+ 2km, T. e. w = In|z| +iargz + 2kmi, k =
0,£1,£2,....

w2 yT

3mi i

D; |

_— !

[ Dy _
wy — i T

-7 :

D_, |

—-37i i

Puc. 17

Ob6parnyio dysknuo K GYHKIMM e* Ha3oBeM Ln 2z, TeM caMbiM
Lnz = In|z| + targz + 2kmi, k = 0,£1,£2,... - MHOro3Hau-
Hast (DYHKIMSA, HO JONYCKAeT BbIe/eHHe 6ECKOHEUHO MHOI'O OJHO-
3HauHbIX BerBeil. Ilpm ¢dukcupoBanHoMm k k-as BerBb (Lnz2), =
In|z| + iargz + 2kmi orobpaxkaer C\R™ na obmacts Dj. Tak
Kak Ha obmactu Dy bynkuusa 2z = € ONHOJIUCTHA M AHAJIMTHY-
Ha, npu 3toM (e¥) = e¥ # 0, To obpaTHas k Hell GyHKUMSA k-as
BeTBb (Ln 2); ecTb oaHO3HAYHAS M aHAIUTHYecKass DYHKUUSA Ha

C\R-, (Ln2), = — = =,

ev b4
Hysesy1o BerBb Ln z o603Havaor In 2, Inz = In |z| + farg 2.
¥4
d
[Ipu £ > OumeeMm In|z| = Inz, u Tak Kak Inz = 3 npu

1
_ . [ de
z =7 > 0 B obnactu C\R™, 10 In|z| + iargz = Inz = T
1

z € C\R™. Hynesas BerBb Ln z, T. e. Inz, Ha3bIBaeTCHd 24a68HBM
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3navenuem Ln z. Tlpu obxome Touku z = 0 wim 2 = 00 3HAYEHHE
arg z nojiydyaer IpHpaileHue 27 M Mbl C OJHOM BeTBM NepelgeM
Ha apyryio BetBb Ln z. CoBepuias 06x04 MHOIOKDATHO, VXKe He
BEpHEMCsl Ha NMPEXKHIOI BeTBb. Takad TOYKa AJisi MHOTO3HAYHON
GyHKUUN HA3BIBACTCH A020PUPMUYECKOT MONKOT 8EMEACHUA.

Urak, dbyuknusa Ln 2 - MHOro3HauHas ¢GpyHKUus, J0NYCKAOLAA
BbiJesieHHe OeCKOHEYHO MHOTO OJHO3HAYHBIX BeTBel, KaKJas W3
KOTOPbIX SIBJISIETCsS] OJHO3HAYHON M aHAJIMTH4YecKOW yHKUHUel B
C\R™, a Toukn z = 0 U z = 0O ABJIAIOTCH JOTAPUDMUUECKUMHU
TOYKAMHU BETBJICHHS.

3. Onpenenus Gpyukumoo Ln =z, MOXKHO onpenesuTh (DyHKIHUIO
2%, a € C. Ilo onpenenennio

2 = eaan .

B 3aBucuMocTH OT 3Ha4YeHUs] & GYHKIHUS z* MOXKeT ObITh OIHO-
3HAYHOM HMJIM MHOTO3HAYHOM. MOXKHO JOMYCTHTbL BbIAEJEHHE KO-
HEYHOIrO MJIH OECKOHEYHOI'0 4YMC/Ia OTHO3HAYHBIX AHAJUTHYECKHX
BerBeil. Tak, npu @ = n € N pyHkuua z* — ogHO3HAYHASA, aHA-

JIUTHYeCKasi PYHKIMSA; NPU palMOHaJbHOM a # 0, a = %1 (m u
N B3aUMHO NPOCThI, n > 1) byHKuUsA 2* — MHOro3HauHasi QyHK-
M, UMeeT m pa3jMYHBLIX BeTBeil. Ecam B3aTh a = 4, TO 2 =
e Lnz _ ei(ln|z|+iargz+2km') = e arg z—2km | eiln|z|. (DyHKILPlH 2 uMmeer
6eCKOHEeYHO MHOTO OJHO3HAYHBIX aHaJuTHueckux BeTseit B C\R™,
B YaCTHOCTH,

~™/2-2kT (_ BeleCTBEHHOE YHCJIO)

ii=e

uMeeT OECKOHEYHO MHOIO Pa3/IMYHBIX BEIECTBEHHBIX 3HAYEHHUI.
4. PaccmorpuM dyHKIMIO cCOSW = 2, w = W) + Wy, 2 = T + 1Y
(puc. 18). Tak xak dbyHKuus cosw — nepuoauyecKas (C NEepUHOAOM
27Tn) W 4YeTHasl, TO HA MUIOCKOCTH W 3TO HEOAHOJMCTHASA (PYHKLHS.
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Pa3obbeM miockocts w Ha obaactu Dy = {w : 7k < Rew <
m+wk}, k=0.£1,%£2,... .

w2t yr
T |
! : ! . i
‘D_y! Do| Dy ?
H H \ 1 .
: ! | : _ X -

—7r'i 0 w 2w w — i 1 ¢
P | f
I ! E
Puc. 18

®ynkuus cosw obmacts Dy mepesogur B obaacts C\{z
(—o <z £ -1)U(1<z< +00)}. MHHMYIO OCb ~ W = W,
byHKIMA cosw mepeBOAMT B ay4: 1 < z < +00, obxonamumitcs
JIBaXKIbl

: e "? +e"?
CcoSiwy = — =chwy, —00< wy < +o00.

Bropoit yuactok rpasuupt Dy (wnu Dy) nepexogut B Jyd:
—o0 < T < —1, obxoasmmicsa nBaXK Abl

w =T + fwy — cos(7 + twy) = — ch w,.
Onpeneanm o06paTHVIO GYHKUIHUIO K DYHKIMH

e‘i'w + e—iw _ t+ t—l

zZ=Ccosw = 5 5 rae t = e,
Torga t2 — 22t +1 = 0 ut = 2z + v22—1, mnodromy

1

w = =Ln(z++v22—-1). OyHxkuuo, 00paTHYI K QYHKIMH
i

COS z, Ha3bIBAIOT apKKOCHHYC 2 H obo3HavyaroT Arccosz; TeM

CaMbIM )
Arccosz = —Ln (z +Vz2 - 1) )
1
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OyHKuMsA  Arccosz  JONYCKAeT  BblJeJieHHe  OJHO3HAYHBIX,
aHaJMTUYECKHX BeTBel (MX OECKOHEYHO MHOro) B O06JIACTH
C\{z:(—o<z<-1)U(l <z<+x)}

Sagaua 27.| Joka3aTb, 4TO AJ1si MHOrO3HAYHON pyHKumMH Arccos z
TOukM 2z = +1, 2z = 00 ecTb TOYKM BeTBJeHMs. OnpeileauTb HX
XapakTep.

5. PaccmoTpuM yHKIHIO tgw = 2, w = Wy + W, 2 = T + 1Y
(puc. 19).

w? Yy
D_1| |Dq Dy i
_3x| _x i 3m| wy T
2 2 2 2 .
-1
Puc. 19
s
Pazobbem Bcio miiockocTs w Ha obiactd Dy = {w : —= + 7k <

2
Rew < 5 +7rk} k=0,%£1,%£2,.... Ha xaxxnoit obnacru Dy dyHk-
HMs tgw — OMHO3HAYHAA M AHAJIMTHYECKAsi, IOITOMY OOpaTHas K
Hell byHKuMs ABAsiercd ogHo3Ha4HOU. DPyHKIHMA tgw obsactb Dy
nepesoaut B obaacth C\{y : (—oo<y< -1)U (1 <y < +o0)}.

Tak kak (tgw) =

p— # 0, w € Dy, To byukuus, obpar-
Hasd K QYHKIUHA tg w, ABJIAETCS OJHO3HAYHOM M aHAJINTHYECKO! Ha
C\{y:(—oo<y<-1)U(l<y<+0)}
Onpenenum dynkuuio, 06paTHyro K ¢)yHKum1 tg w: TOCKOJIBKY
1 e —e™ 1 t-—

Z=tgw == ——— = = . ,T0t2-—1—2 2 4+ 1) nm
g i ew 4 e—tw 7 t+1 4( )

1 1 1
R Orcioga w = —Ln +z’z .
1—iz 2i 1—1z
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O6parnyio GyHKIHMIO K GYHKIUHA tg 2z HA30B€M apKTAHIEHCOM M
BBeaeM 0OO3HauYeHHe

1 :
Arctgz = -2—Z,Ln(1+lz).

1—1z2

Arctg z momyckaeTr BblJeieHHEe OJHO3HAYHBIX, AHAJHUTHYECKUX
serseil B obsactn C\{y : (moo <y < -1)U(1 <y < +00)} - Ta-
KUX BeTBefl OeCKOHeYHO MHOro. B uyacTHOCTHM, Ta BeTBb, KOTO-

pas orobpakaeT MCXOAHYI0 00.1acTh Ha obsacTh Dy, Ha3bIBaeTCs
T

arctgz; npu z =x arctgr = f [IO3TOMY IIpH 2 € C\{y :

o 1+&%
Z d
-0 <y —-1)U(l <y < +oc0)} umeem arctg z = 3 .
0 1+&2

3anaya 28.| JJoka3arb, 4TO TOYKH z = =i ABJIAIOTCA TOYKAMH

BETBJIEHUS [JIs1 MHOTO3HauyHOW GyHKuuU Arctg z. Onpenenurb ux
XapakTep.

Ananurudeckoe npoaoJi2xeHnune

MHoro3Haunble (pyHKIHH MOTYT ObITH MOJy4YEeHbI 32 CYEeT aHa-
JINTHYECKOTO MPOJAOJIXKEHUS.

1. AHaMTHYECKOE NPOAOJI2KEHUE C AeHCTBUTEJILHON OCH

Ha peificrButenbnoit ocu paccmorpum muoxkecrso M = {z
a <z < b}, awm b, a roxer 6bITb ¥ a, U b MOryT paBHATLCA
0o. IlycTs Ha MHOXKecTBe M 3a/1aHa OJHO3HAYHASA JEHCTBUTEIbHAS
byuknus f(z) (byHKuus, npuHAMAOmANA AeHCTBATEbHbIE 3HAYe-

Hug). CkaxkeM, 4To jaeficTBuTenbHass GyHkuus f(z) anaaumuyna
Ha M, ecau

Vg € M 36 >0 : Vx € Us(zy) — f(x) = iak(ﬂ? - $o)k~ (1)
k=0

4 Oyuxuunu
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CkaxeM, uyto byHKuus F(z) - pyHKUHS KOMILIEKCHOrO MepeMeH-
HOTO — €CTb aHnaaumuyecxoe npodoascenue dbyukuuu f(z) ¢ MHO-
xxectBa M Ha obaacts D, ecnu

F(z) € A(D), F(z) = f(z), z € M.

[TokaxxeM, uto ecan f(z) ecTb geficTBUTe/bHAS (DYHKUUSA U aHA-
JIUTHYECKAs HAa MHOXKecTBe M, TO OHA JOIMYCKaeT aHAJIUTHYECKOe
npoao/KeHne Ha HekoTopylo obsacte D C C.

o0

Paccmorpum psan Y ar(z — 79)*. Tlo ycJIOBHMIO OH CXOZMTCS
k=0

o0
B Us(zo), & > 0. Torma pax . ax(z — xp)* 6yaer cxonutbes B
k=0
obs1acTu |z — zo| < § ¥ OnpeneNATb B ITOM Kpyre aHAJMTHUYECKYIO
dbysxuuo F(z), npuuem mast z = ¢ € M bynkuua f(z) = F(z).
Paccmorpum obnacts D = |J K, tae Ky = {z : |z — x| < 8}.
ToEM
Dyukuust F(2) € A(D) u upu x € M cosnagaer ¢ f(z).
Tak, pyHKIMIO € MOXKHO PacCMaTPUBATh KaK aHAJIUTHYECKOE
npoaoJikenne GyHKuuu e* ¢ MHOXKecTBa M = R — geiictBuTenbHad
npsMasi:

+oo " +o0 "

e’ = —, lz] <00, €=) —, |2] <00
n! n!
n=0 n=0

DyHKIUY Sin 2z, COS 2z KAaK aHAJUTHYECKHE IPOJOJKEHHS C Bele-
CTBEeHHO# ocu pyHKumi sin z, cos z:

2n+1 +oc (_1)n22n+1
Sln.’L"—Z 2n+1 |.'I:|<OO, Sln2=nz=0m, |Zl<OO,
+°° ( l)n 2n +00 (_l)nz2n

cos:c=zw— |z| < oo, COSZ_ZW’ |z] < o0.

n=0 n=0
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®ynkuuo In(l + 2) MOXKHO PacCMATPHBATH KAK AHAJTHTHYECKOE
npoxookenne ¢byukuuu In(l + z) ¢ maTeppana |r| < 1 B Kpyr
|z| <1, a nmMenHo

n—l bl

oC
n(l+x) ::Z

n=1

N —1)1,m
lz| < 1, ln(l+z)=Z£——)F—z—, 2| < 1.
n=1

4*



YEPE3 'PAHULLY OBJIACTHN 11 YEPE3
PA3JIO2KEHUE B CTEITIEHHBIE Ps1/BI.
IIOHATHNE ITIOBEPXHOCTU PUMAHA

9 AHAJINTUYECKOE [IPOJOJIXKEHUE

nekuymns

B npeapiayuieit nekuuu OBLIO pPACCMOTPEHO AHAIMTHYECKOE
npojoJ/KeHne MYHKIUM, AaHAJIUTHYECKON Ha MHTepBaJie AelCTBH-
TeJIbHON OCH, B KOMILJIEKCHYIO 0bacTh. PaccMoTpuM apyroit Bug
QHAJTUTHYECKOTO IPOIOJIXKEHHS.

2. AHaJnTHYECKOe NPOJOJIXKEHNE yepe3 rpaHuny objacTu

[Tycty 3amanst gBe obsactu D) u D, tak, uto D1 N Dy = @, n
obsacTu umeroT obumit yuyacTok rpanunp [, roe I' — kopjaHoBa,
KyCOYHO-IJIaJKasi KpuBad. Dylem paccMmarpuBaTh Kpunyio [ 6e3
KOHIEeBBIX ToueK. CrpaBeiiuBa Caeaylomas TeopeMa.
|Te0pema (npuHIMD Henpepbmnoc'rn).l ITyemo gynxyuu fi(2)
u fo(2) maxosw, wmo

fi(z) € A(D;)NC(D,UT), fa(2) € A(D:) NC(D,UT),
fi(z) = fa(2), 2 €T.

Toz0a cywecmeyem dynxyua f(z) € A(D), D = DyU Dy UT,
umernwas 6ud ‘

fl(Z), 2 € .Dl,
f(Z) = f2(z)a z € D21
fi=fo, zel.

ITpu smom zo6opam, wmo dymuxyus f1(z) anarumuyecku npodoa-
sorcaemcen 8 obaacmv Dy wepes epanuyy T (puc. 20).
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Iy

I
Puc. 20

Hoka3zarenncrBo. HyxHo nokasars, uro dynkuusa f(z) € A(D).
Tak kak u3 onpenenenus f(z) caenyer, uro f(z) € A(D,UD,), To
JOCTaTOYHO MOKa3aTh, 4yTo ¢yHkuus f(z) € A(I'). Iycts Touka
z9 € I'; cymectByer § > 0, Takoe, 4ro Us(z) C D. O6o3nayum 3a
I’} KoHTYp, cocTosimuit u3 yacTu Kpusoi I, sexkaieil B kpyre |z —
2| € 6, ¥ YACTH OKPYKHOCTH |2 — 29| = §, Jiexkaineit B obsnactu D;.
Yepes 'y 0603Ha4UM KOHTYP, COCTOSUIMI U3 TOH XKe 4acTH KPUBOiL
I, nexkaeit B kpyre |z — zg| < §, 1 4acTH OKPYKHOCTH |2 — 29| = 0,
Jexkamieir B obsactu Do. Ilpu mosoxureibHOM 00X04€e KPHBBIX
I’y u Ty obmas yacts KpuBoit [ 6yaeT 06XOAUTHCA JBaXKIbl, HO B
Pa3HbIX HANPABJEHUSAX, IOITOMY

27”/f 271'2/f / f , 2 € Us(20).

§ 29|=0

Wurerpas, crosmuii cnpaBa, ecTb uHTerpaJj Tuna Komwu, Tak Kak
no ycaosuio f(€) € C(|€ — 2| = J), mosTomy

=5 [ % eauita

[€—z0|=0

A Tak kak

/fl(f) d¢ { fi(z), z € DinUs(z),
omi 0, z € Dy NUs(20),

/f2 fz(z), z € DaN U5(zo),
2 0, z € Dy NUs(2),
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to f(2) = fi(2), z € D1 NUs(z), f(2) = f2(2), z € DaNUs(z).
Tak kak Touka 29 € [' OblJIa IPOM3BOJIbHAS, TO OTCIOJA CJIEAYET,
uro ¢yuknusa f(z) € A(l'). Oxonuarenvuo, f(z) € A(D), D =
DyUDyUT.
Caencrue. Ilycts dyukuusa f(z) € A(D)NC(DUT), rae ' C
0D (rpanuua obnactu), I' — KycouHo-rnaakas, XKOpJaHOBa KpPUBas.
Ecnu f(2) =0, z€', 10 f(2) =0, z€ D.
Hocrarouno dbyukuuio f(2) nponomxuts yepes I HyseMm, Torma
10 BHYyTpeHHe# TeopeMe eauHcTBeHHocTH f(2) =0, 2z € D.
BosHuKaeT BOIPOC, MOXKHO JIY YCJIOBHS, HAJIOXKEeHHbIe Ha PyHK-
uuto f(z) B caeacTsun, ocnaburs? Mbl chopMyaupyeM B KauecTse

3aJlayu cjeacTeue U3 TeopeMbl eauHcTBeHHoctd W.M. IlpuBasio-
Ba [6)].

Iyers bynxkuus f(2) € A(D)NC(DUT), tome D

~ obJyiacTb, rpaHMIIa KOTOpo#i OD ecTh 3aMKHYyTas, >KOPAAaHOBa
KycouHo-ryaakasa kpusas, ' C 0D. Kpusasa [’ — nonoxurenbHoi
mepsl (Mephl JleGera). Jlokasars, uto eciu f(z) =0, z € T, 10
f(2)=0, z€ D.

[Ipu noKa3aTesbCTBE NPHHIMIIA HENPEPBHIBHOCTH IIPEIOJiara-
Joch, 4yro obnactu D, u Dy Takossl, uto D, N Dy = &. B atom
caydae Mbl NOJy4aeM OJHO3HAYHOE aHAJIMTHYECKOE MPOIOJI2KEHHE
u3 obnactu D, B obaacte D,. Ecam orka3arbcs oT aToro, T. e.
D, N Dy # &, To aHAIUTUYECKOE NPOJOJKEHHE MOXKET MPUBECTH
K MHOT'O3Ha4YHON byHKIMH.

Hanpumep, pacemorpuM ase dyukuuu fi(2) = Inz = In|z| +
iargz, z € D = {z : —g <argz < ﬂ'} u fo(2) = (Lnz), =In|z|+

targz + 2mi, z € Dy = {z - < argz < —g} Oynkuun fi(z) €
A(Dl) n C(Dl ) F)a f2 (Z) € A(D2) n C(D2 U F)’ rae

'={z:9y=0,-2< 2 < -1}. Ho Tak xax D, N D, # &, 10
aHAJATHYECKOe TPOJOJKeHHe yepe3 I NpHBOAUT K MHOTO3HAYHOH
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¢yskuuu Ln 2.
3. AHAJINTHYECKOE IIPOJOJIXKEHUE Yepe3 Pa3jiodKeHue B PAAbl

+00
Paccmorpum psag Y a,(z—2p)" ¢ paguycom cxogumoctu R > 0.
n=0

+00
Torma B obsactu |z — 29| < R dbyukuns f(z) = Y. an(z — z)"
n=0
ecTh aHajutuveckas ynkuusi (puc. 21). Bosbmem Touky z; €
{z : |z — 20| < R}. Ilo Teopeme Teitnopa dpyukumio f(z) MOXKHO
+oc
Pa3JIOXKHTD B P Y b,(z — 21)", cxoasumiics B HEKOTOPOM KpyTe

e

IZ—21| <R, Ry >0.
Puc. 21

Y

MozkeT ciyunTbes Tak, 4TO KPYr |z — 21| < R; He JIeXKUT UETUKOM
B NePBOHAYAJILHOM KpyTe |z — zp| < R, TeM caMbIM MBI MOJLY YHJIH
HENOCpeACTBEHHOE aHAJNTHYEeCKOe NpojoskeHue dyukuun f(z) B
Gosee mMpoKyw 06J1aCTb, YeM KpYyT |z — 29| < R. Baas Touky
zp € {2z : |z = z| < R;}, noBTOpMM pa3/0XKeHHe B CTENEHHOH
Paa u 1. 1. Yepe3 HEKOTOpOe YHUCJIO LIArOB Mbl MOXK€M NMPUHATH K
NEePBOHAYAILHOMY KPYT'Y, HO AHAJIMTHYECKOE MPOJOJIKEHHE MOXKET
He COBNACTh C MePBOHAYAJIbHON (YHKIIMEH, H TOrJa aHAJTUTHIECKOe
IPOJO/IXKEHHEe IPUBOJUT K MHOTO3HAYHOKN (DYHKIUH, B TPOTUBHOM
Cy4ae — K OZHO3HAYHOMA.

1 +00
Paccmorpum dynkuuio f(z) = == > 2", |z| < 1. Bo3b-
- n=0

MeM Touky z; € {|z| < 1}, Torma
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+0
= = =3 lzmz)"
fz) = I—zte-n = (1-—z)(1-3=22 B n§=:o (=z)rt?

1-2y
rae |z — 21| < |1 — 21|. Mb1 nepepazaoxkunu byskumio f(z) B paa

IO CTENeHsAM z — 21, PAJ CXOAUTCS B Kpyre |z — 21| < |1 — 21| u
+oc
JlaeT aHAJUTHYECKOe MPOJOJDKEHNE CyMMBI psaaa y | 2" (puc. 22).

N

Puc. 22

Kax Gbl Mbl HU packjaibiBajin GyHkuuio f(z) B psaj, Touka z = 1,
+00

JeXxalas Ha TPaHuIe KPyra CXOOMMOCTH psajga . 2", He Oyzer
n=0

BXOIHUTb B 00J1aCTb CXOQUMOCTH. DTa TOYKA ABJIAETCS 0C000i# TOY-

+00
KO# i paga Y, 2".

n=0
+00
Paccmorpum pag Y a,(z—2)", 06:1aCTh CXOAMMOCTH KOTOPOTO
n=0

|z — 20| < R, rme 0 < R < 0.

Onpegenenne. Touka ¢ € {|z — zp| = R} Ha3biBaeTCsa NPasusvHotl
+00
WM pezyaaphoti TOUKOH 1yis cyMMbl psaaa f(z) = Y. a,(z — z)",

n=0
ecnu cymecrsyer dyukuus F(z) € A(Us(¢)), 6 > 0, takasa, uto
f(z) = F(2), z € Us(¢) N{]z— 20| < R}. B mobom npyrom ciydae
touka ¢ € {|z — z| = R} Ha3bBaeTcst 0co60U TOYKOH, JieKawieH
Ha rPaHHIE KPYra CXOAMMOCTH CTENEHHOIO pSAa.
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+00

Ecnu Mbl BepHeMcs K psaLy Y 2", TO BCe TOYKH, JieXKalye Ha
n=0

rpaHulle Kpyra CXOOUMOCTH |z| = 1, ABASIOTCS NPaBHJIbHBIMH, 33

UCKJIIOUEeHHeM TOYKH 2z = 1.
Cnpasegiinsa

Teopema. ITyemv  paduyc cxodumocmu cmenennozo pada
400

3~ an(z — 20)" womenen: 0 < R < oo; mozda Ha 2paruye xpyea
n=0

CTOOUMOCTIU UMEEMCA 1o KpatiHet mepe 00Ha 0c00aA MOYUKa.
Jloka3arenncTtBo. [Ipeamosoxkum mporuBHoe. [lycTs Kaxkigas
TOYKa PaHULBI |z — 29| = R ecTb mpaBwiabHad. s kaxao# Tou-
KH 2) © |21 — 20| = R cymecrByer 6; > 0u F(2) € A(Ugl(zl)) TaKas,
ato F(2) = f(2), 2 € Us,(z) N{|z — 20| = R}, f(2) = Z an(z —

n=0
25)". TeM caMbiM MBI MMeEM OTKPHITOE NOKPHITHE OKPY>KHOCTH

|2— 20| = R xpyramu paauyca d; ¢ IeHTPOM B TOUKe 21, 8; = 01 (21).
Tak Kak OKpY»>HOCTb — KOMIAKT, TO 10 jiemMe [eitne-Bopesns cy-
IECTBYEeT KOHEYHOE YMCJIO KPYTOB, NOKPHIBAIOLIUX OKPY?KHOCTb U
nonapHo nepecekaommxcsi. 1o TeopeMe eIUHCTBEHHOCTH OTCIOIA
caeayer, yro ¢yukuus F(z) € A(D), rue obaacte D comep:KUT
Kpyr |z — z| < Ru F(z) = f(2), z € {|z— 20| < R}. Torma
cylecTByer Kpyr |z — z| < Ry, Ry > R, u xpyr {|z — 2| <
R} C D. Paznoxum F(z) B crenennoii paj B kpyre |z — zp| < Ry:
o0
F(z) = +Z ba(z — 20)". B cui1y eIMHCTBEHHOCTH Pa3JIOKEHUS

n=0
beHKILl/IH B CTeNneHHOH pan, OTCrolda CJEeOyeT, 49qT0 @, = Op 04

moboro n = 0,1,2,... , HO a, ompeleadaioT paauyc R, a b, ompe-
Jensaor paguyc R, a Tak kak R # R;, TO IPUXOJUM K MPOTHBO-
PeYHI0, NPEIIOI0KHUB, YTO BCe TOYKH I'PAHHUIBI KPYra CXOAMMOCTH
NpaBHjbHbIE.

Iycrs bynkuus f(z) € A(D), tne D — orpanuyes-

Has obsacth. Jlokaszarb, yto Torga dynkuusa f(z) € A(D,), tae
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objgacts D C Dy.

+oc
Bamaua 31.| IIpusecTu npuMep CTENEHHOrO Psifa Y an(z — 2)" ¢
n=0

KOHEYHbIM paguycoMm cxoxumoct R, 0 < R < 00, i KOTOPOro
KaX/1ag TOYKa CPaHAlb |2 — 29| = R ecTb 0cobas TOYKaA.

4. O6umit coyuail aHAIMTHIECKOTO NPOAOIXKEHNS |

[lycrs dbynkuus f(z) 3anana Ha obnactu D. HazoBem anement
uga (f, D) mapo#i, ecin bynkuus f(z) € A(D). CkaxeM, 4To
napa (f1, D;) siBAsieTCss HENMOCPEACTBEHHBIM AHAJTMTHYECKUM IIPO-
posmxenneM napwl (f, D), eciu DNDy, # @ u f= fy va DN D,.

HaszoBem koHeunoe umucio nap (fi,D1),(fe, D2),- .., (fn, Dn)
uenouxoti, ecnu (fry1, Diy1) ABIAETCA HENOCPEICTBEHHBIM AHAJIH-
THYECKUM npojoskenueM napsl (fi, D), k=1,2,... ,n—1.

Cosoxynnoctb nap {(f,D)} HazoBem obwell anasumuueckoti
dynryuet, ecna pasi aoouix nap (fi, Dy), (fe, D2) u3 3T0i coso-
KYNHOCTH CYIIECTBYeT LENOYKa H3 3TOH >Ke COBOKYNHOCTH TaKasd,
YTO C ee MOMOUIbI0 MOXKHO nepeiith oT (fi, D1) K (fz2, D7). O6myro
AHAJIUTHYECKYIO (DYHKIHIO HA30BEM NoAHot aHaaumuseckoti Pymx-
yuetl, eC/ii OHa COAEPKUT BCE AHAJIMTHYECKME NPOAOIKEHHs Ka-
k0% napel. Ilpu 3TOM nosHaa aHanuTHYecKas (PYHKIMS MOXKET
ObiTh MHOTO3HAuHOM. Hampumep, eciu Mbl paccMOTpuUM (pUKCHPO-
BanHyIo BeTBb (Ln z),, 2 € C\R™, To Bce ana/imMTHYeCKHEe NPOIO-
JKeHUs1 3TOM (PYHKUMH NpUBEAYT K MHOrosHaduoi ¢pysukuum Ln z
(6ecKOHEeYHO-3HAYHOM ).

Jns Toro, 4ToObl MOJIHYIO AHAJIMTHYECKYIO (PYHKUHUIO MOXKHO
OblJI0 paccMaTpUBaTh KaK ONHO3HAYHYI, PuMaH BBea B paccMmo-
TpeHHe TaK Ha3biBaeMyIo noseprrocms Pumana. PacemoTpum noj-
Hyi0o aHanuTHueckyio byuxkuuio {(f;. D;)} u paceMorpuMm obnacthb
G = | D;, obbenunenue obaacreit D; He Gosiee uem cueTnoe. Bosb-

2

MeM JIMCTBL IJI0CKOC e, n3obpaxkatomue obaactu D; (uncio sm-
CTOB COOTBCTCTBYC 1 THCJIYy HHIEKCOB 7). [IBa JMCTa, COOTBETCTBY-
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romue obnactam D; u Dy, ¢ # j, ckiaenm no ux obueit wactu D;ND;,
ecan 3Ta obmiass 4acTh He nmycra u f; = f; na D; N D;. Torma
MBI OJIY4HM, BOOGIIE rOBOPSl, MHOTOJHCTHYIO HOBEPXHOCTb. JTa
NOBEPXHOCTh U Ha3biBaeTcs noepxHocThio Pumana. Ha 3roit mo-
BEPXHOCTH, COOTBETCTBYIOLIeH 06jacTy G, NO/THAS aHAJIUTHYECKAs
dyukuus {(fi, D;)} omnosnayna. OHa ocyuiecTBiasieT OXHO3HAYHOE
COOTBETCTBHE MeXKY MOBepXHOCThI0 PuMana u cBoeit 06/1acThIO H3-
MEHeHMsI.

Paccmorpum nBa mpumepa.

1. Oyuknus Yz, n € N, n > 1 — MHOrosHayHasi, UMeeT n
pa3nuvHbIX aHajuThyeckux Berpelt na C\R*.

Puc. 23. ®yukuus /z, asa nucra Ey, E; .

BosbMeM 71 JIMCTOB MJIOCKOCTH € Pa3pe3oM IO NOJIOXKHTEJbHO-
My ayqy R*. Jnaa xaxkzoro k-ro Jmcra miaocKocTH 0603HAYMM
BepxHuii Geper pa3pesa depe3 '}, HuxHuii Geper pa3pesa — depe3
'y, k=0,1,2,...,n — 1. Bce 3TH JUCTBI CKJEHM CJEILYIOLUIHM
obpazom

+ _ - + _ - + -
=7, If=T;, ..., It,=T;.
Honyuyunu n-mucthyio nosepxsocts Pumana, Ha KOTOpO# {/z —

ONHO3HA4YHAs DYHKUMS U AHAJIMTHYHA, 33 UCKJIIOYEHHEM TOYEK Be-
TBieHns z = 0, z = 0o (cM. puc. 23):
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2. PaccMoTpuM MHorosuaunyio gyHkuuio Ln z, uMerouryio Gec-
KOHEYHO MHOrO OAHO3Ha4HbIX BeTBe#t (Lnz),, k = 0,£1,%2,...,
anamuTuyecknx Ha C\R™, 1 Bo3bMeM cueTHOe YHCJIO JIUCTOB IJ10C-
KocTell ¢ pa3pe3oM 1o Jyuy R™. Ckiefiky npoBeeM cJieayomum
obpazom:

Oy =T -, k=0,£1,42,...,

rae I’} - Bepxunii Geper pa3spesa orpuuareinbHoro ayda R™, 'y —
HIKHUE Geper pa3pe3a. Ha 910t 6eckOHeYHOIUCTHON NOBEPXHOCTH
Pumana dpyskuusa Ln z - ogHo3HauHasi GYHKUMA U aHAJIUTHYHA, 33
UCKJIIoOYeHHeM ToueK z = (), 2z = 00, KOTOpble ABJIAIOTCA TOYKAMHU
BETBJIEHHUS.



PAIbI JIOPAHA.
N30JIMPOBAHHBIE OCOBHBIE TOYKHN

nekuwus

+00
Papg suma ), an(z — 20)", roe {a,} — mociaexoBaresbHOCTH

n=-—oo

KOMILIEKCHBIX umces, n = 0, 1, +2,... — Ha3wiBaercs [padom Jlo-

para.| Ilo onpenenenuto psa JlopaHa cXOAMTCsi B TOYKe 2, €C/IM
OJIHOBPEMEHHO CXOAATCS JBa psiga

+o0c n=-—1
Zan(z - ZO)n7 Z an(z - ZO)n'
n=0 n=—o00

O6sacTh CXOOUMOCTH TEPBOTO PsAJa €CTb OTKPBITHIH Kpyr

1
zZ — Z < R, R E———r———B
| o lim {/|a,|

n—oo

Yrobb onpenenurs 006J1aCTh

. 1
CXODMMOCTH BTOPOTIO pda4a, caejaeM 3ameﬂy Z—29=—, TOTOa
w
n=-—1 +00
E an(z — 2)" = E a_,w".
n=-—o00 n=1

ITocnexuuit psig cxoautes B Kpyre |w| < ry, 1 =

1
—_ fo-
—— ,
lim {/|a_,|
n—oo
n=-1
3TOMY 006J1aCTh CXOAMMOCTH PAga Y, an(z—29)" €CTb MHOXKECTBO

n=-0oc
|2 = 20| > r = lim {/]a_,|.
n-—oo
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Urtak, pag JlopaHa cxoauTtcs B Kosiblie 7 < |2 — 29| < R mpm
ycaosuu, uto r < R. Ecau r 2 R, To y psaaa Jlopana HeT 0OT-
KpbITO# 00/acTH cxoguMocTH. B gacTHbIX caydasx, korga r = 0
win R = 0o, 06nacTbio cXOQUMOCTH psijaa JlopaHa ABasSeTCA WU
OTKPBITHIM KPYT C BHIKOJIOTON TOYKOM, HJIM BHELUIHOCTb KPyra, WK

+00
BCSL IVIOCKOCTb € BLIKOJIOTOH TOYKO#. Psanx Y an(z — 29)"™ Ha3biBa-
n=0
n=-1
erca npasuavholl wacmovio paga JlopaHa, a pag Y, an(z — %)"

n=—od
Ha3bIBaeTCs 2AA8HOU 4ACMbIO paaa JIopaHa.

Tak xak psax Jlopana cxoguTcsi paBHOMEPHO Ha JIIOOOM KOM-
naxTe, JieXKallleM BHYTPH KOJbIa (CeayeT u3 CBOWCTB CTEMEeHHbIX
psaoB), TO cyMMa psana JlopaHa ecTh aHajuTHYecKas QyHKIUS
Ha 06J1aCTH CXOQMMOCTH psja JlopaHa — BHYTPEHHOCTH KOJIbLA
r< IZ - Zol < R.

BepHo u o6paTHOe yTBepXK/eHue, a UMEHHO, CIIPaBeAIuBa
|Teopema Jlopana.| [Tycmv gynxyua f(z) € A(r < |z — 20| < R);
mozda Ppynxyuro f(z) Mmoorcho padrodcumov 6 pad

+oc

f(z) = E Can(2—20)", 1 <|z—2|<R,
n=-—00
Komopuili cTOOUMCA PABHOMEPHO BHYMPU Koavua. Pasaoocenue 6
pad Jlopana eduncmeerto, npu amom

1 f(§) d¢

n = ’ =0,+£1,4+2, ..., .

a 57 / € = 2 n=0 + r<p<R
|§—20l=p

V3 Buga koacdduuueHToB a,, onpegensionmxcs ¢yHkumeit
f(2), yKe cnenyer exnHCTBEHHOCTh PA3JI0XKEHHUS.
HoxaszareabcTBo. Bosbmem Touky z € {z : 7 < |z — 2| < R}
(puc. 24); Torpa CymecTByiOT p; U pp TaKue, 4TO r < p; < pg <
R, p1 < |z = 2| < po.
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ITo unTerpaibHoit Teopeme Kouru
/ f f)dé 1 / f(§) d¢
2mi E—2"
|€ zo|=p2 [~z0|=p1

00X0J1 IO KPUBBIM B IIEPBOM U BO BTOPOM HHTErpaJjiax MpOU3BOJUTCS
NPOTHB 4acOBOH cTpesku. fAApo uHTErpanoB — QyHKUMIO —— —
-z

pa3/ioKuM B psig. B mepBoMm cityuae Ha KpuBO# |€ — 25| = po HMeeM

1 1 = !

E—2z E—20—(2— %) (5—20)1—2%23)
_ 1 i’j(z—%)
_E—ZO e f—Z()

z —
Pan Z ( ) Ha KpHUBOH |£ — 29| = pa CXOAUTCA PABHOMEPHO,

n=0
TaK KaK |0 < |2 = %] < 1. ITosromy
— 2 P2
1 flOde X1 £(8) d¢ n
2mi / = ‘Zi?r"z‘ / €= syt 720"
[€—z0|=p2 - [€—20l=p2
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Ha kpusoit |£ — zy| = p, aapo > NpeJiCTaBUM B BUJE

£ -
1 1 1 1
§—z &—z— (2~ 2) z—z 1-42
1 +o00 6“30 n 400 (€—zo)"
—~z—zo 'nz=;<z—zo) _—nzzo(z—zo)"'H
_nil (z = 20)"
n=-—00 (6 - 20)n+1
iy (z -2
Pan Z €7 On —{ CXOAMTCS DPAaBHOMEPHO Ha KDHBOH
il (e 0)
z— 2| |z — 2|
— 29| = p1, TAK KaK = > 1. [TosTom
1€ = 20l = p1 £— 2 o y
1 fOd & 1 / f(£) dé n
o / -2z _Z omi G-z F2)
[~z0]|=p1 - |€—z0l=p1
TeMm cambIM
f(z):ioa(z—z)"a=i / ____f(&)df r<p<R
£ n 0 bl n 27Ti (6 _ Zo)n+l, .
=% |€=20l=p

Teopema Joka3aHa.

Iycts dbyskuus f(z) anamuTuuHa B obyactu 0 < |2—z| < 7, 32
UCKJIIOYEHHEM TOYKH 2y. TaKas TOYKa 2y HA3bIBAETCH
[Hoti ocobot mouxol dynkuun |f(z). IlpoBemem kiaccudukalmio
U30JIMPOBAHHBIX OCOOBIX TOYEK, MCXOAS U3 pa3jioKeHUd DYHKIHMH
f(2) B psax Jlopana B kosbue 0 < |z — z| < r.
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Urak, nycts f(z) € A(0 < |z — 29| < r). Io Teopeme Jlopana
dyHKuHO f(z) B 3TOM KOJIblle MOXHO IPEACTABUTH PAaoM Jlopana:

n=-+oo

f(2) = Z an(z —20)", 0<|z—2z| <

n=—oo

Ecmn a, =0, n=—1,—-2,..., TO TOYKA 2y HA3BIBAETCH YCMPAHU-

[mot ocobotli mouxoti.| B aTom ciyyae umeem

400 :
f(2)=) an(z—2)", 0<|z—z|<r
n=0

400

Tax kak pag Teitopa Y a,(z—2)" cxogutcs B Kpyre |z— 2| < T,
n=0

TO ero CyMMa ecTh aHAJIUTHYecKass QYHKIMI B Kpyre |2 — 2| < T,
BKJIIOYAs TOYKY 29. TeM cambiM pyHKuIHO f(2) MOXKHO Joonpese-
JIUTh B TOYKE 2o, MOJIOXKUB f(29) = ag, U OHA OyAeT aHAJIMTHYHA B
Kpyre |z—zy| < r. OTcioma cieayer, 4To B HEKOTOPO# OKPECTHOCTH
TOYKH 2g : 0 < |2 — 20| < & pyHkumus f(z) no MOAY/O OrpaHUYEHA.
CnpasegMBo 00paTHOe yTBepXKAeHHEe, 4 KMEHHO: IYCTh TOYKa 2
- u3osMpoBaHHas ocobas Touka f(z) u |f(z)| orpanuyen B Heko-
TOPO# OKPECTHOCTH TOYKH 2 : 0 < |2 — 29| < 4. Orcioma cienyer,
4TO TOYKA 2Zp — yCTPaHHMas To4Ka. [JOKaKeM 3TO yTBep KIeHHe.
ITo Teopeme Jlopana

1 / f(€) d¢

T o (f - ;Z())"‘H '
|€—20|=p

(onenka ko3 duimentos psga JlopaHa)

n=0,%1,+2, ..., 0<p<d.

1 27p M
Tornal|an| < o pntl M = o If(2)l < M| z€ {2:0<
|z — 2| < 6}. Ecnnn<0,’roan=0(lim%=0, n < 0), To

p—+0 p"
€CTb TOYKa 2y — yCTpaHuMasi ocobasi Touka pyHkuuu f(z).
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Urak, Mbl HOKa3aJu KpUTEPHH yCTpaHHUMOM 0cO0OM TOYKM Zp:
TOYKA 2y — YCTpaHHMas ocobasi Touka dbynkuun f(z) Torma u
TOJIbKO TOTAa, Korga |f(z)| orpanuyed B HEKOTOPOH OKPECTHOCTH
0<|z—2]<6é.

Sapmaua 32. | Joka3ars cieayooumi Kpurepuil ycrpaHuMoit 0coboit

TOYKM 29 GyHKUMH f(z): TOYKa 29 — ycTpaHHMas ocobas TOYKa
dbynkuun f(z) Torma u TOJIBLKO TOr/a, KOr/Ja CyllecTBYeT KOHeYHbIH
npezes lim f(z).

z—20

Ecnu cyurectByer HaTypajbHoe k Takoe, 4To a, = 0, n =
—k—1,—-k—2,...,H0 a_; # 0, TO TOYKA zy HA3BLIBAETCH |NOANCOM

[TycTp TOuKa 2o — NOJIOC MOPSAKA Kk, TOT/AA Pa3J/IoXKeHUe
dyskuuu f(z) B psax Jlopana uMeeT BHz

f(2) =ack(z—20) ™ +acppi(z — 20) 7 + ...

“+00
+a_1(z—2)"" + Zan(z —-2)" O0<|z—2|<Tr

n=0

HJIN

+00
f(2)-(z—20)f =ae+apu(z—20)+...+ Y an(z— 2)"**.

n=0

Psan, crosmuil cmpaBa, CXomuTcs B Kpyre |z — z| < r u npea-
CTaB/isleT aHAJIHTHYECKYI0 dyHKuuio p(z), ¢(20) # 0. INosromy
(2) .
= —— —_— () l = . -
f(2) = 2" 0 < |z = 2| < r, npu 3TOM zirrzlof(z) 00. 3a
MeTUM, 4YTO PYHKIHH 1 (z = 20)" aHaauTHYecKas (yHK
eT = — _
’ f(z) o(2)
musa B |z — 29| < § (6 < ) M TOUKa 2y 151 Hee SABJISAETCH HyJIEM
KPaTHOCTH K.

[MTokaxxeM o6paTHOe, a UMEHHO: €C/IH Zy — H30JIMPOBaHHASA OCO-

6as Touka ¢dynkuuu f(z) u npu srom lim f(2) = oo, TO Touka
Z—20
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2o ectb momoc. Tak kak lim f(z) = oo, To cymecTByer okpect-
z—2zQ
HOCTb TOYKH zp : 0 < |z — 2| < 8 (0 < § < r) Takas, yro GyHKUHUSA
¢(z) = —— aHANMTHYHA B 3TOH OKpecTHOCTH U lim ¢(z) = 0. O1-
z—2g

f(2)

cI0Ja CJAeAYeT, YTO zg — yCcTpaHuMasi ocobasd Touyka I pyHKUHK
¢(z) n paz Jlopana mis p(z) nmeer BUI

+00
o(z) = Zan(z —2)", a=0, k=1, a#0.

n=k

ITosTomy

SRR I S
flz)= (2 = 2)* nls = % BT
LP](Z) € A(IZ - Z()I < 51), (Pl(Z()) 75 0, 0< 51 <0

HJIIN

f2) = =z or(2), ¢al2) € Allz— 20| <), palz0) 0.

(z = 2)

Orcrona cienyer, 4T0 TOYKA Zy — MOJIOC NOPAJKA k 1 PyHKIUH
f(2). Urak, Mbl Jeka3aau KpuTepuit mosioca ajs GyHkuuu f(z):
TOYKa 2y fABJsAeTca nomocoM dynkuuu f(2) nopsaka k Torma u

TOJIbKO TOrAa, Koraa lim f(z) = 0o u GYHKUUA —— MMeeT TOUKY
z—20

f(2)
29 HyJieM KpaTHOCTH K.

W3onupoBannas ocobasi TOYKa, HE ABIAIIASACA HU YCTPAHH-
MO, HUM TNOJIIOCOM, HA3BIBAETCS |CYU,eCNEEHHOT 0C000T MOouKOU |
byHkuuy. JTO 3HAYUT, YTO B pasjioxeHuu bynkuuu f(z) B pas
JlopaHa B OKpecTHOCTH TOYKM Zj

+o00

f(z) = Z an(z—20)", 0<|z—2|<r

n=—o0
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cymiecTByeT O6eCKOHeYHO MHOro Ko3(hOdHIMEHTOB BHIA G_p,,
ng € N, omtuuHbIX oT Hyjdsd. Ecin Touka zp — cyiecTBeHHO ocobas

TOYKa AJif GyHKuud f(z), TO He CyIIECTBYeT HM KOHEYHOTO, HU
beckoHeuHoro npezaena lim f(z).
z—20

Paccmorpnm noBenenne dbyukiun f(z) B OKPECTHOCTH CyILECTBEH-
HO ocoboit Touku. Ilycts Es — MHOXeCTBO 3HaueHH#l DYHKIMH
f(2) B okpectHOCTH 0 < |z — 20| < § < r. CnpaBeayiuBa Teopema

|Teopema Coxou;Koro-Beﬁepm'rpacca.| Iycmv mouxa zy — cy-
wecmeenno ocobas mouxa gynxyuu f(z); moada

E; =C.

JdokazareabcTBo. IlpoBemeM moKa3aTejbCTBO OT NPOTHUBHOIO,
T. e. TMpenmoNoKuM, uTo cymecreyer A € C, no A ¢ Es5. Ecau
A = 00, To 3TO 03HauaeT, 4To 00 ¢ Ej, M, TeM caMbiM, CyLIECTBYeT
0 > 0 Takoe, uro B oKpecTHOCTH 0 < |2 — 2| < & Moayub |f(2)]|
OrpaHWYeH, a TOLJA TOYKA Zg — YCTPAHHMMasl, YTO MPOTHBOPEYHUT
ycaosuio. Pacemorpum A € C takoe, uto A ¢ E;. D10 03HauaerT,
4ro cymecTByer p > 0 Takoe, 4To g Beex z @ 0 < |z — 2] < &
caenyer |f(2)—A| > p > 0. Tem cambiMm 1 < % win dyHK-

£ (z) = Al

uus P(z) = aHAJIMTHYHA B OKpecTHOCTH 0 < |z — 29| < 0

!
flz) - A

U OrpaHHYeHa No MoayJo. Touka 2y ABjsieTCd AJis Hee YCTPaHH-
MOii, TO3TOMY CYIIECTBYeT KOHe4YHbI npeaen lim ¢(z) = Ay. Ecan
z—20

Ag =0, 1o lim (f(2) — A) = 00, a Torga lim f(z) = oo 1 TouKa 2
z—20 Z—20
ABJIAETCS NMOJIOCOM (DYHKUMH f(Z), YTO NPOTHBOPEYUT YCJIOBHIO.

Ecim Ag # 0, o lim f(2) = A+ o T & 2 — ycrpannMas
zZ—20 0

ocobas Touka pyHKkuuu f(z), YTO Tak)Ke NPOTUBOPEYUT YCJIOBHIO.

Wrak, npeanonoxus, uto Es # C, Mbl NpHILIM K MPOTHBOPEYHIO.

Teopema noka3aHa.
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HpnBe,uemlcbopmyﬂnpOBKy 6oJb110# TeopeMbl Hm(apal(6e3
jJoka3aTenbcTBa). IlycTb zp — cymecTBeHHO ocobasi Touka (pYHK-
muu f(z). Torma asst 11060r0 KOMIJIEKCHOrO 4uCja A, 33 MCKJIIO-
yeHHeM, ObITb MOXKET, OJHOrO, CYIIeCTBYeT NOCJ/eI0BATEIbHOCTD
{za} : zn € {2 : 0 < |2 = 2| <}, nli_)ngozn = Zzp, TaKad, 4YTO
flz) = A

IMpumep. Iycrs f(2) = e%, et € A(C\{0}), Touka 2z = 0
ABJAETCH JJis Hee CyUIeCTBEHHO 0coboli Toukoi; psax Jlopana ume-
eT BHJ

1 1

?—E =, 0< 2| < oo
niz"
n=0

Jns 37o# GyHKIUM CyIIeCTBYET HCKJIIOYUTE/IbHOe 3HaueHne A = 0,
1
Tak Kak ez # 0 qua mo6eix z € C\{0}.
Byaem rosoputs, 4To dyHkuus f(z) aHaIuTHYHA B OKPECTHO-

1
cTu GECKOHEYHO yJaJieHHOW TOYKH, ecau dyHKuusa ¢(z) = f (;)

aHAJIUTUYHA B OKpecTHOCTH TOo4kM z = 0. [IycTn

z)—Zanz , 2l <

n=0

TOrIa,

Tem cambiM, ecain dyHKUHs f(z) aHATUTHYHA B OKPECTHOCTH Gec-
KOHEYHO yJaJIeHHOM TOYKHM, TO OHa NpeacTaBuMa psagoMm JlopaHa B
OKPECTHOCTH OO 110 OTPHIATEbHBIM CTENEHAM 2.

Iycry bynkuusa f(z) € A(r < |z| < 00); Toraa ee psia Jlopana
MMeeT BUJ,

f(z) = Zanz, r < |z| < oo.

n=-—oo
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Byaem cuutarh, 4TO 29 = 00 — ycTpaHMMasa ocobas TOYKa Jis
f(z),ecmua, =0, n=1,2,...; 2y = 00 — mosmoc nopsaxa k, eciu
ar # 0, ag41 = Gky2 = ... = 0; 2z = 00 — cyuiecTBeHHO 0ocobast
TOYKa B JIIOOOM JAPYroMm cjyuae, T. €. CyLIECTBYeT MOCJIeJ0BATe b~
HOCTh HATYpPaJIbHBIX 4uced {ny} Takas, 4To an, # 0.
n

Mmuorounen P(z) = ¥ a;z%, a, # 0, uMeer zp = 00 MOJIOCOM
NOpAIKa 7. =0

Touka zy = 00 siBJIIeTCS CyIIECTBEHHO 0C0o60# miia yHKiui
e*, cos z, sin 2.

Hnsa pauuoHadbHON DYHKIUK

P(z
Q(z

) _ 5
R(z) = ) = =0

== ,
E b,-z'
i=0
an # 0, b, # 0, Touka zg = 00 ABJAAETCHA MOJIOCOM NOPAIKA,
n—m,ecqun—m>0. IIppyn—m < 0 Touka 2z = 00 sABAsAET-
1
ca ycrpaHuMoit ocoboit Toukoit. dna dyHkuuu ez Touka 2y = 0
— CYLIECTBEHHO 0cobas TO4YKa, 2y = OO e€CTh yCcTpaHuMas ocobas
TOYKa.
Onpenenenue. Pynxuus f(z) HasviBaercs mepomopdrot B obaacTu

D, €CJIM OHA B 3TOi 001aCTH UMeeT TOJIbKO H30JINPpOBAaHHbIE ocobbie
TOYKH, ABJAIOHINECS IMOJTIOCaAMH.

Tak dynkuuu tg 2, ctgz — mepomopdubie pynkiuu B C, T0Y-
Ka 29 = 00 AJ1si 9TUX GYHKIHUH ABJIsAETCA HEM30JMPOBAHHON 0coboit
TOYKOH, nosrockl pYyHKIMA tg 2, ctg 2z HAKAMIMBAIOTCA K OecKoHed-
HO yJaJIeHHOH TouKe.

ITycts f(z) — uenasa byskuus, u 2p = 00 — yCTpaHH-

Mas ocobas Touka. Jlokasare, uto f(z) = const.

ITycrs dynkuus f(z) — mepomopdna B C. TokasaTs,
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gyro f(z) — paunoHanbHash QYHKUMS.

Ilpomon>kenne ”ramma-pyskuun” Ditaepa
C NOJIOXKNTEJbHOrO JIyda B KOMILIEKCHYIO IJIOCKOCTh

"TamMma-yukuus’ Dinepa npu x > 0 uMeeT BUJ

+o0

I(x) = /e_‘t’_ldt.

0

[peacrasum I'(z) B BUAE

1 +oc
F(x):/e“t"“ldt-i-/e"‘t”’_ldt.
0 1

1
Paccmorpum unrerpan [ e 't*~1dt:
0

1

1 1
—1)"t" e e VI e
el = (= =14t = )
/e J[(Z > Z n! n+1x|,
0 0

n=0 n=0
+00
()" 1
n n4+z
n=0
400 (_1)ntn
Mbl BOCNOJIb30BaJINCh paBHomepﬂoﬁ CXOIMMOCTbIO psAaa Z —
n=0 n.

Ha orpeske [0, 1].

Pﬂr’l Z( 1)

nzo n! ‘n+zx

C NOJIO2KUTEJIBHOI'O JIy4ya T > 0 npoao0.Ji-

% (="

n!

XKHM B KOMIUIEKCHYIO ILIOCKOCTb U PACCMOTPUM psiji Z
=0
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, cxopammiicss B C\{0,1,2,...} u npexcrasasiomut aHaIu-

n+z
ruueckyo B C\{0,1,2,...} dbynkuuo. dta GyHKUMsA eCTb Mepo-
MopdHasa dyHkuusd B C u Toukn 2z = 0,1,2,... ABAAIOTCA NOJIO-

CaMH MepBOTO MOPSAIKA.
+oo +00
Paccmorpum muterpan [ e~it*7ldt = [ eTtel="Dntgy
1 1

x > 0. ITpomomxkus 3Ty GYHKIUMIO ¢ MOJOXKHUTENLHOrO Jyua = > 0
B KOMILJIEKCHYIO IJIOCKOCTb, OyJeM HMeTh

+00

/ e—te(z—l) Intdt.

1

DroT MHTerpas ectb uesias bynkuus (ananmutuunaa B C). Urak,
+00 (—1)" 1 +00
I(z) = Y ~—% - —— + [ etel>"Vnt4t ecTh anamuruyeckoe
n=o n! n+z

npogokenue ['(z) ¢ nosoxurensHoro jgyda z > 0 B obsacTb
C\{0,1,2,...}. @yuxkuusa I'(z) mepomopdpua B C u TOuKH

2=0,1,2,... — noaocsl NEPBOro NOPSIKA.

1
Hokasarb, uro bynkuusa F(z) = f‘-(?) eCTb Uesas

e z
dbyukuusa u F(z) = e -z [] (1 + E) €™, e ¢ — NOCTOSIHHAS
m=1

itsepa.



TEOPEMA O BBIYETAX.
BBIYMCJIEHUE NMHTETPAJIOB C
IIOMOIIIBbIO TEOPEMBI O BBIYETAX

BBIYET AHAJINTUYECKO ®YHKIIVN. 1 1

nekuymna

I[IycTb 29 # 00 — U30JAMpOBaHHasA ocobas Touka dyHKuuH f(2),
T. e. f(2) € A(0 < |z — 2| < 7). Ilyctb Takxke I' — moboit xopaa-
HOB, KYCOYHO-IVIAAKMH, 3aMKHYTHIHl KOHTYD, JiexKaluit B obiacTu
0 < |z — 29| < r ¥ conepxxaiuit TOUKY 2y BHYTDH.

Onpenenenue. [Buuemom|byakuuu f(z) B TOUKe 2y Ha3bIBaeTCA

1
uHTErpat o / f(€)d¢ u obosnauaercs Res f(z) mmm res f(z)
z=29 2=20
r

(Residue):

Res f(2) = res f(2) = —— / £(6) de.

z=29 z=29 27

N3 Teopemb Komu cieayer, 4To jid J11060ro CKOJIb YTOAHO
maJgioro € > 0

Res f(2) = 5 [ S(€)e

z=2z0 271'2
|§—z0|=¢
[IycTs zg = 00 — H30AMpPOBaHHAA ocobas Touka byHKuuu f(2),

T.e. f(z) € A(|z| > Ry), Ro — mocrarouno 6osbuoe. Ilo onpenese-
HHIO

29=00

Res f(z) = —2—:r—z./f(§) dg,
o
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rae Koutyp I' siexxur B obsactu |2| > Ry ¥ comepKuT Touky 0 BHY-
tpu. O6xoa mo KoHTYpy ' coBepiraeTcs mo 4acoBO#t CTpeJike, HJIH
obaacte Dr, comepxkamasi TOUYKY 2p, OCTaeTCs cJieBa ImpHu obxone
no kourypy I'. Ilo Teopeme Komu ana Bcex R > Ry

Res f(z) = _2_71r—i / f(€)d¢ (o6xoa mpoTuB 4acoBOH CTPEJIKH).

20=00
l&l=R

Kak Bbraucantb Bbiuer f(z)?
Iyctb zy # oo. Ilo Teopeme Jlopana B obaactu 0 < |z — 2| <
r bynkumio f(z) MOXKHO pa3ioxuTh B paj JlopaHna, paBHOMEPHO
cxoAsuumiicsa Ha J1I000M KOMIAKTe, MpUHAAJAeKaIeM 3Toi 06J1acTH,
MO3TOMY

+oc
= 55 e
1 T +oc 1 )
3 / f(é)de = Z an 35— / (€= z0)" dE = a_,.
I§=20l=¢ nETee |€—z0|=¢

Takum o6pa3oM, Res f(z) = a_;.
z=29

[Tyctp 29 = oo. IlpoBoast aHaJIOTHYHbIE PACCYXKIEHUS, MOJIY-

UM +o0
Res f(2) = —ﬁ ( > ans") d = —

lgl=R \'TT

[Iycts 29 # oC U 2zp — moJiroc nopaaxka m mis dyHkuuu f(z).
Torpa pax Jlopana B obiactu 0 < |z — 2| < r UMeeT Buj

f(2) =a_m(z = 20) ™+ @empr(z — 20) ™ + ...

+a_ lz—zo +Za,z—
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NI

f(z)(z —20)" =0 + G_my1(z — 20) + ...
400
+a_1(z—z)" '+ Z ai(z — z)™™.
=0

Bo3bMmeM npou3BOIHYIO (m — 1)-ro nopsajaka OT TpaBON H JIeBOM
qacTeii:

[f(2)(z = 20)™]"" ) = (m = 1)la_, +

Y (it m)(+m 1)+ 2aile - =)

Torga lim [f(z)(z — z)™]™ Y = (m — 1)! a_;. UTax,
z2—20

T (m 7 Jim £(2)(z = 20)) ™.
[Iycrb m = 1 u dysxkuusa f(z) umeer sux: f(z) = fl(z), rae
f2(2)

fi(z0) # 0, a dynkuus fo(2) umeer TOUKY 2 HyJeM KpaTHoCcTH 1.
B satom ciyqae

_ Hi(2)(z = 2) .1 fi(z)
Bezi f(z)= 11_)11210 —hE fi(zo) - zh_{?o -‘2[-2_%% =)

|Teopema o BwrueTax.| ITycmov ozpanuuennas obaacms D c
epanuyett 0D, Aeaarowjelica KOHNMYPOM, MAKOBA, “MO MOUKU

21,29, ... ,2n € D — u3oauposannvie ocobvie mouku dynxyuu f(z2)
u f(z) € A(D\{z1,22,...,2:,}) NC(8D). Toeda

27m/f )d€ = ZResf
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JokazarenbcTBo. OKO0JIO KaXK/10l TOYKH z; ONHIIEM OKPY>KHOCTh
|z — zx| = 6k Tak, 4TOOBI Kpyr |z — 2| < Ok UESMKOM JIeXKas B
obsactu D ¥ Kpyra He nepeceKayuch (puc. 25).

®
@C?

Puc. 25

[To Teopeme Kowm mji8 MHOrocBsi3HO# 06JIACTH CIIPABEIJIABO pa-
BEHCTBO

/f ) d€ = Z / F6)de = ZResf(z

E 25| =0k

Teopema moka3aHa.

Caencrsue. Ilycrs f(2) € A(C\{z1,22,...,2,}),TH€ 21,22, ... , 2n
— 0cobble U30JMpOBaHHbIE TOUKH f(2), U 29 = 0O — TakK>Ke ocobas
M30JIHPOBAHHAS TOYKA; TOTAA

e (0 -

JokazareancTBo. Bo3bMeM R m0cTaro4Ho 6OJIbIIOE, TaK, YTOOHI
BHYTpH 06s1acTh |z| < R cosmepKainch BCe TOYKH 21, 22, . . . , Zp. 110
TeopeMe O BbideTax Oyaem uMeTb

2mi / UG df=§§g§f(z)=—z§gosof(z),

I€lI=R

n
WM, 4TO TO e camoe, y . Res f(z) = 0.
k=0 *=%k
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|Bbmnc.nenne NHTErpaJjos C IOMOIIIBIO TeOPpEMBI O BbIYE€TaX

I. PacemorpuMm I knace uHTerpaioB — HHTErpaJibl BHAA
27
/R(sin&, cos ) db,
0

rae R(z,y) - paunoHajbHas (pYHKUMS ABYX apryMeHTOB T,y, a

dbynkuus R(sin @, cos 0) nenpepniBaa Ha [0, 27).
Ecnu 6 € [0,27], To MHOXecTBO Touek z = e mpunauIeKuT
i0.

eaUHUYIHON OKpykHOCTH |2| = 1. Caenaem 3ameny z = €; torga
. .az . . —
dz = 1e®df, dd = —i—. Tak xak z = cosf + isinf, T0 Z =
z
.. . z—Z z2+7Z _ 1
cosf@—isinf, sinf = ——, cos§ = ——. Ecimu |2| =1, T0Z = -
. 21 | 2 z
msinh = —=2 cosf = 2 Tem cambiM
i
2m
R(ZMz =lz)g,
/ R(sin 6, cos 6) df = —i / 27 )9 / Ri(2) dz,
z
0 |z]=1 |z]=1
rae R,(z) - paumonanbHas pyHKuus, HempepsiBHas Ha |z| = 1.

Otcioga mo TeopeMe O BbIUETaX CJIELYET:

27

/R(sin 6,cos 6) df = 2mi E Res R, (z),
Z=2)

rZie 2, — TMOJIIOCH palMoHabHON dyHkiuu R, (2), nexaumue B 06.J1a-
ety |z| < 1.

II. Paccmorpum II knacc nHTerpaioB — uHTerpadsl BUAA (V. p.
- ot value principal)

+o0

V.p. / f(z)dx (rnaBHOe 3Hauenue B cMbicsie Komw).

—00
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400 R
Hanomunwm, uto v.p. [ f(z)dz = RliT [ f(z)dz.

—oc
[Mycts dbyukuma f(z) € A{Imz > 0}\{z1,22....,2,}) N
C(Imz = 0), z,2,...,2, — OcoOble H30JUPOBAHHBIE TOY-

ku f(z), Jgexamme B obmactm Imz > 0. Ilycrs Takke
f(2) =9(1/z), z — o0, Imz > 0. Torga

+00 n
v.p./ f(z)dx = 273 Z Res f(2).
. P PET

IIycrs Cr — BepxHss nonyokpyxHocts: {|z| = R} N {Imz > 0},
I'r = CrU|[-R,R], rne R nocraro4so 6oJibLIoe, Tak YTO TOUKH
21,22, .. ,2n Nexar BHyTpU ['g (puc. 26).

Puc. 26

ITo TeopeMe O BbIYeTaX uMeeM

/f(z) dz = 27?2'2": Res f(2).
k=1

z=2zp
g

C apyro#t cTOpoH®bI,
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Ouennm nuTerpan [ f(z)dz
Cr

/f dz ma,xlf( )I-mR=9(1/R)-TR — 0 npu R — +.

R n
Urak, lim [ f(z)dz =2mi Y Res f(2)
R—+oc *p k] 2=2k

III. PaccmorpuM III kiace mHTerpanoB — MHTErpajbl BHAA

+oc +00 +00
/ e f(z) dz = v. p/cos(ax)-f(a:) d:c+iv.p./ sin(az)- f(z) dz

ITyctb @ > 0 u byukuus f(z) € A({Imz > 0}\{z1,20,...,22}) N

C(Imz = 0), roe TO4KH 21, 29,...,2, — 0COObIE H30JIMPOBAHHBIE
TouKH f(2), nexxamue B obnactu Im 2 > 0,1 lim f(z) = 0. Torna
Imz>0

HHTErpaJl B CMbICJIE€ IVIABHOI'O 3HAYECHHUA Komu

+00
V. /““"f(r d:c—2mZ;R_gs e f(z)) .

[Tycts Cr u I'g — KpuBbIe, BBeAEHHBIE B Ipeaplaymem 11 kinacce.
ITo Teopeme o BblueTax

/wzf( z—2mZRes e f(z)) .

z2=2.
Tr
C apyroi#i cTopoHHI,

/ei‘”f(z) dz = jei“’f(:c) dm‘+/ei“zf(z) dz.
-R

g Cr
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Panee Mbl Joka3aau semMmy 2KopaaHa, mo KoTopoit

Rl—l»Too e f(z)dz =0,
Cr

ecau a > 0. OKOHYATENbHO MOJYYUM

+o6 "
v.p._/ e f(z) dx = 2mi ; zfigi (e f(2)).

IV. Pacemorpum IV kiace nHTErpasioB — HHTErpaJibl BHAA

+o00

/x"‘lf(a:) dr, 0<a<]l.
0

Hanoxum cnenyromue ycnobus Ha dyskmmio f(z):

1. f(2) € A{C\R*}\{21.22,...,2,}) N C(R*\{0}), Toukm
21,22, ... ,2n — OCOOBIE H30JMPOBaHHBIE TOUKH, jiexaiue B C\R™;
2. |f(2)] < Cs]z|™° npu z — 0, § > 0 — CKOJIb YTOAHO MAJIOE;

3. |f(2)] € Cs|z|7**% mpu 2 — o0, § > 0 — cKoIb YromHO
MaJioe.
Ecnu ¢dyuxnusa f(z) yaoBieTBOpseT 3THM TPeM yCIOBHIM, TO

+o0
27t =
— a—1 — a—=1p(.,
J—/rc f(x)dx—-i—:—émkz_lf_{_ﬁ(z f(2)).
s -

Hoka3areascTBo. PaccMorpum obsacth D, g, rpaHuuei KoTopoit
asasiorces okpyxaoctu Cr = {|z| = R}, C, = {|z| = r} u orpe3ok
[r, R], obxoasammiicss [BaXkabl B pa3HBIX HanpasJjeHusix (puc. 27).
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®ynkuust g(z) = z*! - MHOro3HauHasi, Ho B obsactu D, g gomyc-
KaeT BblJleleHNe OJHO3HA4YHbIX BeTBeil. 1o onpenenenuto

a-1 _ e(a—l) Lnz _ e(a—l)(lnIz|+iargz+i-27rk)

Bo3bmeMm BeTBb 1IpH kK = 0, T. e. KOTIa Mbl HAXOANMCS Ha BepXHEM
Gepery orpeska [r, R] — B 3ToM cayuae 27! = 227!, z > 0. Eciau
MBI HaXOZUMCS Ha HuxKHeM Gepery orpeska [r, R], To arg z umeer
npupamenue 21 u 2%~ = golela—1)2mi = g2maiga—1

Puc. 27

PaccMoTpuM METerpaJi o 1nojiHoi rpaHulle ¥ IpUMeHUM Teope-
MY O BbIYETaX:

R
BDZR 227 f(2) /:cC' Lf(z) da:—l—lza_lf(z)dz

n

+ [ 2*7 e f(z)dr + [ 27 f(2)dz =271 Y Res (2°7'f(2)).
s

z=2z
k=1

o

O6xos, N0 rpaHMIe IOJOXKUTENbHBIIA. OueHuM wuHTErpa

5 Oyuknun
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J 227 f(2) da:
Cr

[ = 16 | < max (el (@) -2
ol -
<re . 2mr - Cyr~% = 27Cy - 13,
Ecsm B3siTh 0 < § < @, T0o npu 7 — 0 unrerpan [ 2*7!f(z)dz — 0.
Cy

Ouennm unrerpan [ z°7! f(z)dz:
Cr

[ 7 1) de| < mag el 5(2)) - 2R
Cr =
<21 R®.Cj, - RO,

Ecam 8316 0 < 6 < 1 — @, To npu R — 400 HHTErpa
J 2271 f(2)dz — 0.
Cr

Takum obpaszom,

Zﬂiigh_es (2271 f(2)) = J (1 — e¥™)
k=1 =

HJIHA
271 - o
=1 k§=1: Res (27 f(2))

PaccMoTpuM uHTErpast

+00 a—ld
J=/‘” L 0<a<l, A>0.
T+ A
0
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2 )\a-—lta—-l dt

57 3aTeM clesaeM

[Ipeobpa3yeM 3TOT uHTerpat: J = /
0

3aMeHy Y = ; TOrA

1+t

1
J=x>"1 /(1—y)°"1y'“dy = \*"'B(a,1-a) = \* '['(a) T(1-a),
0

rae B(z,y), ['(x) - s#isepoBsl HHTErpaJIbL.

Qyukuusa f(z) = Y/IOBJIETBOPSIET BCEM TPEM VCJIOBHSM,
MepeyUCAeHHbIM BbIIIE, I03TOMY

. 2mi a—1 1 _ 2mi a-1_(a-1)ir
J_l-—e%"azfie—s:\<z .z+/\>_1—e2"i°‘)\ ¢

=" 1T(a)-T(1 - a).
TeMm caMbIM MOJy4YaeM

omiela—1)im 2mie®m o2mi T

[(a) T(1-a) =

‘1 — e2mia - e2mia _ = emai _ o—mod - sin 71'0[

Urak, Mbl nonyunnu ayia Famma-dyskuun Ditnepa dopMmyry
JONOJTHEHHS:

O<a<l.

(o) T —0a) = sin o’

T
Qopmyna monosnwenus ['(z) - T(1 — 2) = — CIIpaBeJIMBA 15
sin 7z

BCeX z ¢ 7Z (MHOKeCTBO WEJbIX YHCeN).

3anava 36.| Jokasarb, uro dbyukuusa I'(z), z # 0,—1,-2,... He
UMeeT HyJieil.

5*



JIOTAPU®OMUNYECKHN BHIYET.
IPUHIINII APTYMEHTA.
TEOPEMA PVYIIIE
neKkuywus

[Tycts I' — >kopmaHoB, 3aMKHYThI#, KyCOYHO-IJIaAKHUNA KOHTYD,
orpaHnunBatonuit 06sacts Dr (orpannvennas obnacts). OyHKuus
f(z) € A(Dr “{by,by,... ,bm}),vme by, by, ... , by, — MOMOCH IOPSL-
ka 01, B2, - .., Om OyHkmuu f(z) cOOTBETCTBEHHO, by, by, ... by, €
Dr. Ilyctb Takxke f(z) # 0, z € I', o BHyTpy obnactn Dr dyHk-
uns f(z) uMeeT HyJH a;, Ay, . .. ,d, KPATHOCTH 1, Q, . . . , X, COOT-

_f'(2)

BeTCcTBeHHO. PaccMorpum dyHkiwmo (z) = -m Dyuxuus (z)

aHaJIUTHYHA B obnacté Dr, 33 MCKIIOUEHHEM TOYEK ap,dy,. .. ,dp
u bl,bg,... ,bm.
B pmocrarouno Masoit okpecTHocTH TOYKM a;: U (a;) = {z :

|z — a;| < &}, & > 0, byukuuo f(z) pasnoxum B paa Teiiopa.
Pasznoxkenue umeer BUJ,

f(z) =(z —a;)™ Za};(.z —a)*, al#0, |z—al]<e

k=0

Torna

f'(2) = as(z—a;)%! i at(z—a;)*+ (z—a;)™ i at-k(z—a;)*
k=0 k=1
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Tem caMbIM
o (et [ B e s okt -
)~ oo Sy

= F()

Oyuxuusa F(z) € A(Ug,(a;)), F(a;) = o, mosromy Res j}((zz)) = .

PaccMoTpuM dyHKUuIO ¥(2) B JOCTATOYHO MaJjiOll OKPECTHOCTH
rouku b; : 0 < |z — b;| < §;. U3 ycnoBuit, HaJl0XKeHHBIX Ha PyHK-
unmo f(z), ee pasiioxeHnue B psag JIopaHa B yKa3aHHOM OKPECTHOCTH
MMeeT BUJ

F(2) = (z=b)% ) iz —b)F, ch#0,
k=0
TOraa
f’(Z) = '—'6,'(2-—(),')—&_1 ici(z—bi)k+(z—bi)—ﬂ‘ ic};-k(z—bi)k_l.
‘ k=0 k=1

TeM cambiM

(2) (z—b;) 8 [-ﬁi(z—bi)_léci(z—bi)k+§ c}'c-k(z—bi)k‘l] |

1) (2= b)B - 3 iz — by)*
k=0
OxonuarensHo, J}’((ZZ)) = z__ﬁ;)i + Fy(z), roe byukuus Fi(z) €
. fix) o
A(lz - b;| < 6;). Toraa Ex’_es: ) = Bi.

6 ®yukuuu
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ITo Teopeme o BbIueTaX HHTErpAJ

£ £(2)
2m o %= 2 By
j=l.m

O6o3naunM vepe3 N = Ny mosHoe uyuciao Hyiaeit dpyuxuun f(z)
BHYTpH Dr, uepe3 P = P; — moJjiHOe 4HCJO MOJIIOCOB COOTBET-
CTBEHHO C Yy4YeTOM KpPAaTHOCTH HyJiefi M moJi0coB.  VHTerpan

f(€
— df Ha3BIBAETCA M02aPUPMUNECKUM BbluemoM | DYHK-
2#%/ f(€) ¢ Hozapug |

uuu f(2) no kpusoit I' (otHOocuTenbHO KoHTypa I'). TeMm cameim
MBI J0KAa3aJld TeOpeMy:

Teopema. Jlozapupmuveckuts evnem dynxyuu f(z) no xpusot I'
PABEH PASHOCTU MENHCOY HUCAOM HYAET U YUCAOM NOA0CO8 PYHK-
yuu f(z), codepacawuxca enympu obaacmu Dr, m. e.

1RO,
2m/f(£)d§‘Nf By

'"(z
P — (wn @y 2
T, rae (Ln f(z))(x) — k-7 BerBb MHOrosnauyno#t ¢ynkuun Ln f(z).
Hanomuum, uro (Ln f(2)),) = In|f(2)| +iarg f(2) + 2mki.

ITycts Touka 29 € I' u ®¢ = arg f(z) B Touke 25, a ®; = arg f(z)
B TOYKE 2o II0CJI€ OJHOKPATHOrO 00X04a no KpuBo#t I' U3 TOuKM 2
B 23. Torma

L [FE) ,, _ &1 — % _ Vararg f(z)

2mi J 3‘—(—'5_)~dé T 2m 27 -

ITo ycnoBuwo f(2) # 0, z € I'; rorga

[Tpupawmenue aprymenra ¢, — @y dbyukuuu f(z) Ha3piBaIOT Bapua-
mueit aprymenTa pyHnkiuun npu obxoze no kpusoit [ u 0603Hava0T
Var arg f(z)'r =@, — Po.
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B TepmuHax Bapuauuu aprymenta dyukuuu f(z) namHas Teo-
pemMa HOCHT Ha3BaHME NPUHYUN GPeYMeEHMA.
|Teope1vxa (npuHEUEn aprymeHTa).l ITycmoy pynxyua f(z) €
A(DI‘ “{bl,b2,... ,bm}), 20e bl,bg,... ,bm € Dr, bl,bQ,... ,bm -
noatocte pynxyuu f(2), Py — noanoe “uUcCA0 NOMOCO8 € yYwemom
xpamnocmu. ITycmov maxoce Pynxyua f(2) # 0, 2 € T', mouxu

a1,a2,...,0, € Dr asasromca nyaamu f(z), Ny - noanoe wucao
nyaet. Tozda aozapudmuneckuti svinem paser
L[ F16) 4 _ Varang ()
omi | f(€) om .
r

[TpuMeHUM NPUHIMI apryMeHTa NpH JOKa3aTeJbCTBe CJeyiouleit
TE€OPEMBI.
|Teopema Pymme.| ITycmv dynxyuu f(2) € A(D), ¢(2) € A(D),
obaacmov D — ozparuvennas obaacms, epanuya 0D - xonmyp. Ha
eparuye 0D cnpasedaueo nepasencmeo

|F(2)| > |e(2)], 2z e€dD;

mozda Ny, = Ny (Niip, u Ny — noaroe wucao nysets Gynxyud
enympu obaacmu D).

oka3zarenbcrso. Tak kak npu z € D cnpaBeniuBo HepaBeH-
crso |f(2)] > |(2)], To |f(2)| > 0, z € OD u |f(2) + ¢(2)| 2
l1f(2)| - lo(2)]| > 0. TIpumennm npunuun aprymenta K GyHKIUAM
f(2) + o(2) u f(2). Umeem

1 1
Niy, = —2—7;Vararg(f + <P)|3Da Ny = Q;V&r argf'aD-

Paccmorpum paszsocrs Nyy, — Ny

1 1 +
Nyyp— Ny = > [Vararg(f + ¢) — Vararg f] = oy Var arg <f—f—£>

=1 %
=5 Var arg (1 + ?) .

6*



136 Jlekuns 12

p(2) o(2)

[Tycrs BekTOp w(2) paBen 1+ ———; Torga |w(z) —1| = |=—=

ecm z € 0D. CineaoBaTesbHO, KOI1a BEKTOP z ONUCHIBAET KPHBYIO
0D, BexTOp w(z) OMMCHIBAET 3aMKHYTYIO KPUBYIO 7y (KOTOpas, BO-
o0me roBopsi, MOXKeT ObITb W OZHON TOYKOM), LEJHUKOM JIEXKAILYIO
BHYTPH OKPY>KHOCTH €JHUHHUYHOr0 Paidyca ¢ IEeHTPOM B TOuke 1
(puc. 28).

< 1,

=

Puc. 28

[Tostomy BekTOp w(z) He obxomuT TOUKy 0, T. €. Var argw|7 =0,
teM caMbiM Ny, = Ny. TeopeMa goka3aHa.

|Cnencreue 1 (ocHOBHAs TeopeMa anre6psr).| Ha kommiexcHoi
MI0CKOCTH JioGoit MHorounen P(z) = ag2" + 12" ! + ... + ay,
ag # 0, UMeeT POBHO M HYJIell.

JokazareancTBo. B3sB mocraroudo 6osbmioe R > 0, 6yaem
¥MeTb, YTO Ha OKPY2KHOCTH |2| = R cnpaBemjMBO HEPABEHCTBO

lagz"| > |ay 2™ + ... + aql.

[Tpumenss teopemy Pyiue k yHkuuam agz" u P(z), moay4um, 4To
dbyHkuum agz™ 1 P(z) ©MEIOT OJHO M TO XKe YHuCJIO HyJIell B 06/1acTH
|z| > R, HO DyHKIMS ap2™ MMeeT n HyNe# C y4eTOM KPATHOCTH.

3amaua 37.| [Joka3arb, 4TO VpaBHEHHE

ag+ay cos Y+as cos2p+. . .+apcosnpg =0,0<ap <ay < ... < ay,
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uMeeT 2n pa3yIMYHBbIX HyJe# B uHTepBaJe 0 < ¢ < 2m.

Caencreue 2. Ilycrs dynkuus f(z) € A(D) u ogHONUCTHA, TOTAR
f'(z) # 0 nna moboi#t Touku z € D.

Joxa3aTeJbCTBO. [IpelnonoxuM NpOTUBHOE, T. €. YTO Cylle-
cTBYeT TOYKa zp € D rtakas, 4ro f'(z) = 0. CyuiecTByeT OKpecT-
noctb Us(zg), & > 0, Takas, uro f'(z) # 0, z € Us(z), 2 # 20
(puc. 29).

@)

Puc. 29

Ecau 6bl HeNnb3d ObiI0 BHIOPATh TaKyl0 OKPECTHOCTb, TO CYIIe-
crBOBajla Obl MOCTEJOBATENBHOCTh TOYEK {2,}, lim z, = 2,
n—00

z; # 2, f'(zn) = 0. Ilo TeopeMe eqMHCTBEHHOCTH /IS AHAJIUTHYE-
ckux yHKIME oTcoAa ciaenoBaso 6w, uro f'(2) =0, z € Us(z).
OTO NPOTUBOPEYUT OAHONUCTHOCTH pyHKuUH f(z).

Paznoxum ¢yunkuuo f(z) B pag Teinopa B Us(2):

f(z) = Zan(z —2z)"=ap+ Zan(z — 2)",
n=0

n=k

k>2 a #0, ag =0 = f'(2). Beenem dynkuuwo ¢(z) =
o0
Y an(z — 20)™. MoxHo BbGpPaTh oKpectHOCTb Us, (20), 0 < &; < 4,

n=k

Taky1o, uro ¢(z) # 0, z € Us,(2), z # 2. /1oKa3aTeabCcTBO 3TOro
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¢daxTa ananornuHo mpensiaymemy. O6Go3naumm min  |p(z)] =

|z—zo0|=6
m > 0. Iycts 0 < |a| < m. Pacemorpum B Us, (2p) ase dynk-
mun p(2) m p(2) + a. Ha rpanuue |z — z| = §; cnpasennuso

HepaBeHCTBO |p(2)| > |al, mosTtomy no teopeme Pymre ¢dpynkuum
©(2) u ¢(2) + @ UMeIT OAMHAKOBOE YHCJIO HyJieH B OKPECTHOCTH
Us, (20). Pynkuus o(z) umeer, no KpafiHeil Mepe, JBa HYJIS C Vye-
TOM KPaTHOCTH B TOUYKe 2y, M03TOMY byHKuMsA ¢(z) + o B OKpect-
Hoctu Us, (29) uMeeT He MeHee IBYX HyJe# z; M 2o. [Tokaxkem,
4TO 2; M 29 PA3JIUYHBL M 27 # 29, 29 F# 29. Eciu Obl z; Wi 2
COBIMAJANHU C 29, TO & = 0, HO 3TO He Tak. IlpeamoJioxkum, 4TO
TOYKAa 2; — HYJb KPAaTHOCTU Oosibireift wiau paBHOi aByM. Toraa
B OKDECTHOCTH TOUYKH 21 dyHkmua ¢(z) + a = (z — 2,)%Y(2), rae
dbyuxuusa (z) € A(Uc(2z1)), € > 0. CaenoBaresbHo, aist GyHKIMH
f(z) cnpasenuso npencrasiaenue f(2) = ag—a+ (2 — z1)%(z2), a
toraa f'(z1) = 0, Ho Touka 2; € Us,(2) C Us(z0), B 0KpecTHOCTH
Us(z0) [f'(2) #£ 0, 2z # z. Wrak, cymecTByloT no kpaiineii mepe
JiBe TOYKH 2, # 23 TaKue, 4To ¢(21) + a = p(22) + a@ = 0, a Toraa
f(21) = f(22), uro mpoTuBOpe4HT OmHOMUCTHOCTH PYHKuMHU f(2).
Crneacrsue qOKa3aHO.

CnencrBue 3 (Treopema I'ypsuna). Ilycts 3anana mocienosa-
teabHOCTb byukumii {f,(2)}, fn(z) € A(D), Vn € N, u nycts no-
CJICIOBATEILHOCTh BHYTPH 00J1aCTH PABHOMEPHO CXOJHUTCS K (DyHK-
wun f(z) # 0, z € D. Torma pas gwoboro kourypa I' C D,
Dr C D, u He npoxoasmiero 4epe3 Hyau f(z), CymecTByer uu-
cio ng = ng(l) Takoe, uro aja moboro n > ng(I') 4uciao uysei
N fo = N fB Dr‘.

HokazareascTso. Ilycte m = 13511;1 If(z)] >0 u 0 < pu<m.

B cuny pasaomepsoit cxonumoctu BHyTpH obaactu D (I' - kom-
naxT) nocjexosare1bHocTd {fn(2)} cymectByer uncno ng = ny(T)
Taxoe, 4YTo AJs Jjoboro n > ng(I') cnpaBeninBo HEpaBEeHCTBO

|fa(2) = f(2)] < i
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[To Teopeme Pyme otcioma ciemyer, uro Ny = Nyp(r,—5) = Ny,
(uuc:0 Hyse#t suyrpu Dr). Teopema noka3sana.
ITpuMmep Ha Teopemy Pyure.

Paccmorpum Muorowsen P(z) = 28 — 42° + 22 — 1. Ilycers
f(z) = —42°, p(z) = 2® + z2 — 1. Ha okpyxHuoctu |z| = 1 cnpa-
BeJTMBbI HepaBeHCTBa |p(z)| € 3, |f(z)| = 4. ITo Teopeme Pymue
bynkuun f(2) u f(2) + ¢(z) = P(z) UMEIOT BHYTPH €IMHUYHOIO
Kpyra |z| < 1 omMHaKOBOE YHUCJIO HyJie#l, a UMEHHO 5.

Puc. 30

Honoxum f(z) = 2%, ¢(z) = —42° + 2% — 1. Ha oxpyxHocTu

|2| = 2 cnpaBeanuBE HepaBeHCTBA
lo(z)| S 1+2°+2" <28, |f(2)| =25
ITo Teopeme Pyme muorounen P(z) umeer BHyTpHM Kpyra |z| < 2

poBHO 8 Hyseii. Tem cambim B o6actu 1 < |z| < 2 y MHOro4sieHa
P(2) tpu nynsa (puc. 30).



KOH®OPMHBIE OTOBPAXKEHWUSI.
OCHOBHBIE ITPUHITUITBI KOH®OPMHBIX

OTOBPAXKEHUN
nekywvsa

Panee, paccmarpuBas auddepenuupyemocts pynkuun f(2) B
TOYKE 29, MBI JAJH OonpenejeHde KOH(POPMHOro OTOOpakKeHHs B
TOYKE 2Zp, & MMEHHO: HenpepbiBHOe OToOpakeHue f(z) aBnsgercs
KOH(OPMHBIM B TOYKE 2, €CJIH OHO COXPaHSET YIJIbl [0 BeJHYHHE
M N0 HANPABJIEHUIO MEXJY JIOOBIMH ABYMS TVIAJKAMH KPHBBIMH,
NPOXOASALUIMMH Yepe3 3Ty TOYKY. Dbijio mokazaHo, 4To ecyiu pyHK-
uus f(2) ananuru4Ha B TOuYke 2 U f'(2) # 0, TO B 9TOM TOUKE
dbyuxuusa f(z) ocymecrsasier koubopMHOE 0TOOpaKEHHE.

Paccmorpum dbyHkuuio f(z), aHAIATHYECKYIO B TOYKe 2. U3
aHanuTHYHOCTH YHKUMHU f(z) B TOUKE CJIEAYeT ee aHAJIMTHYHOCTD
B HekoTOpoil okpectHoctH Ug(z) = {|z — 2| < €}, € > 0. Ilycts
f'(z0) # 0. INokaxem, uro Toraa dbyukuus f(z) HEKOTOPOE OTKPbI-
TOE MHOXKECTBO, COAEpXKalliee TOYKY 29, IEPEBOJUT B HEKOTOPYIO
OKpPECTHOCTb TOYKM wp = f(zp), mpuyeM OTOOparkeHue B3aUMHO-
onno3Ha4yHoe. Taxum 06pa3omM, cnpaBeIIvBO

|YTBep>K,JJ;eHne. IIycmoy Pynxyua f(z) anasumuwna 6 mouxe
20, f'(=0) # 0; moeda Pynxyus f(z) aokaavHo odHoaucmHa
U HEKOMOPOE OMKPHINOE MHONCECMBO, COOEPIAHCAULLE MONKY 2,
omobpasicaem Ha Hexomopyro oxpecmuocms mouku wy = f(zp).

HokaxkeMm 3T0 yrBepxkaeHue. Tak kak bynkuus f(z) anann-
tiuuHa B Ug(29), € > 0, TO ee MOXKHO pa3JoKuTh B psaj Teitnopa B
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3TO#l OKPECTHOCTH

f(z) =ao+ Ean(z - 2)", |z — 20| <¢,

n=1

ao = f(z0) = wo, a1 = f'(20) # 0.

o0 o0
Paccmorpum byHkumio ¢(2) = Y a.(2—20)" = (2 = 20) Y an(z—
n=1 n=1

z)""!. Tak kak a; # 0, To cymectsyer ¢ : 0 < § < £ TaKoe, 4TO
npu |z — zp| < § byukuus p(z) # 0, KpoMe TOUKH 2 = 2, IPUYEM
zo — HyJb 1 nmopsaaka.
[ycte m = Izn:i?alga(zﬂ > 0, a a — Jg0boe KOMIUIEKCHOE
~zo|=

yncao, Takoe, 40 0 < |a| < m. Ilo teopeme Pyme dbynkuus
©(2) + o nMeeT CTONBKO XKe HyJell B 061acTH |z — 2| < 8, CKOJIBKO
u dyukuusa ¢(z2). To ectb dbynkmus p(z) + @ uMeer oxMH HyJIb
21 # 20, |21 — 20| < 0. Torma f(z) = p(21)+a0 =ap—a =wy—a.
TeM caMbIM MBI IOKA3aJIH, 4TO A1 Joboro & : 0 < |a| < m cyme-
CTBYeT poobpa3 ToukH 2; : f(2;) = wp—a. Wau, 4ro 10 XKe camoe,
OKPECTHOCTb TOUKH Wy : |w — wp| < |m| umeer npoo6pa3 B 0KpecT-
HOCTH |z — 29| < J, oTOOpakeHHe B3aMMHO-OAHO3HaYHOE. B cuiy
aHaJMTHYHOCTH yHkuun f(z) B obmactu |z — 2| < § mpooGpa3
OTKPBITOIO MHO>KECTBA €CTh OTKPHITOe MHOXKECTBO. Y TBEPXKIEHHE
JOKa3aHOo.

Orcroga Kak CJeICTBHE BBITEKAeT
ITyemy pynxyua f(z) € A(D), D - obaacmo, f'(2) #
0, z € D. Toeda pynxuyua f(z) obaacmv D nepesodum 6 obaacmo
G = f(D) - obpas D.

B camom pesie, Mbl nokasaiu, 4o f(D) — MHOXKECTBO OTKPBI-
TOe, a cBsA3HOCTD f(D) caenyer u3 TOro, YTo aHAJINTHYECKAA DYHK-
UM NepeBOAUT HENPEPBIBHYIO KPUBYIO B HENPEPHIBHYIO KPUBYIO.

He Hy»kHO JyMaTh, 4TO B3aMMHO-OJHO3HAYHOE COOTBETCTBHUE CO-
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XpaHsieTcsl, ecnu Bo Bcelt obasactu D f’(z) # 0. Hanpumep, pac-
cvorpuM f(z2) = 22, D = {—n/4 < argz < 7} (puc. 31).

AR

D

Puc. 31

B aroii obnactu f'(z) = 2z # 0, z € D, Ho dynkuus f(z) He
ABJISAeTCS OOHOJIMCTHOM:

() =1 (1),

Msr nokaszanu, uro ecim f'(z) # 0, z € D, 10 B3auMHO-
OZIHO3HAYHOE COOTBETCTBHME — JIOKaJjibHOe cBoicTBO. I[loaromy, B
JaJIbHeRIIeM, Mbl MOJ, [KoHBopmHom omobpadicenuem obracmu D)
a obaacmv G|GyiaeM NOHUMATb B3aMMHO-OAHO3HAYHOE Hempe-
pbIBHOe OTOOpakeHWe, COXPAHAIIIee VIVIBI MO BeJIHYHHE ¥ 10
HaNpaBJICHUIO.

B 1936 rogy J.E. Menbmos (7] aoka3aj Teopemy, 4TO ecjH
byukuusa f(z) ocymecTiser kKoHbOPMHOE 0TOOpaKeHHe 06.1aCTH
D ua obaacts G, o f(2) € A(D) (Teopema 6e3 H0Ka3aTEIbCTBA).

C mpyroi#t cTOpOHBI, MbI MOJy4YuM, 4TO eciu f(z) € A(D) u
oanosuctHa, T0 f'(2) # 0, T. e. oHa ocyuiecTBisieT KOH(pOpPMHOe
oTobpaxkeHue 00J1acTH Ha 00JIACTD.

Urak:

I. ®yukuusa f(z) naer koHdopmHOoe oTroOparkeHue obsiactu D
Ha o6sacTh G TOrJa M TOJILKO Torma, Koraa f(z) € A(D) u oaxo-
JIACTHA.
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II. OpnonuctHasi ananuTHYeckas Gynkuus w = f(z) orobGpa-
xaeT obsacte D Ha obiacte G = f(D) xoHDOPMHO, pU 3TOM
obparHaa byukuua z = f~}(w) € A(G) u Takke Jaer KOHDOPM-
Hoe oTobpakeHue obaactu G Ha obisacth D.

B TeopuM TONOJOrHYeCKMX NPOCTPAHCTB MOKA3BIBAETCS, UTO
comeomopProe omobpasicerue (B3aMMHO-OJHO3HAYHOE M B3aUMHO-
HENPEPBIBHOE) OTOOPaXKaeT nN-CBA3HYI O00JACTh HA N-CBSA3HYIO
06/1aCTh pacHIMPEeHHOM KOMILIEKCHON ILIOCKOCTH. B gacTHoCTH,
KOH(OpMHOe 0TOOpaKeHHe OJHOCBA3HYIO O00JaCTb NEepeBOJUT B
onHocBsaA3Hyo. Hanpumep, Hesb3ss KOHPOPMHO O0TOOpPa3UTh KPyr
Ha, KOJIbIIO.

Bosnukaer Bompoc, a Bcerga Jim ecTb KOHGOpPMHOe oToOpake-
Hue objacTH Ha 00JIacTh C COXpaHEeHHeM CBA3HOCTH. B ciyuae,
Korzaa 06J1acTh OJHOCBs3HAs, OTBET jaeT TeopeMa Pumana.

I’I‘eopema Pumana (6e3 0o1ca3ame./zbcm6a).| Ilyemv D - odnoceas-
HAA 064aCMb PACUWUPEHHOT KOMNAEKCHOT NAOCKOCTIU, 2DAHUYA KO-
mopoti cocmoum boaee wem u3 odnoti mouxu. Tozda cywecmeyem
Kongpopmmoe omobpascenue obaacmu D na enympernocmsv edu-
HUNHO020 KPY2a.

TpeboBanue, 4T0ObI rpaHHLa 00JacTH cocTosIa Bojlee yeM U3
OIHOM TOYKH, no cymectBy. Hanpumep, paccmorpum obsiacts D =
C - koMmIekcHas MmI0cKocTh. Kak 06/1aCTh B pacIIMpeHHON KOM-
IUIEKCHOH IJIOCKOCTH OHA MMeeT eIMHCTBEHHYI0 I'DaHMYHYIO TOY-
Ky oo € C. He cymecrByer kondopmuoro orobpaxenus C Ha
BHYTDEHHOCTb eaMHu4YHOro kpyra |w| < 1. Ecam 6b 310 6BLTO
Tak, TO aHajuTuyveckasa dyukuus f(z), z € C, Gbuia Obl Ha Beeit
miockoctu C orpanuuensoit no moxysmo. Ilo Teopeme JjlnyBuiiias
OHA J0JIKHA 6bITh KOHCTaHTOM. [loyuniu nporuBopeyne. Bropoit
npumep: nyctb obsacte D = C\ {z}. O6aacrs D kak obsactb
B C nmeer aBe rpaHMyYHbIe TOYKH, a KaK ob1actb B C uMeeT oauy
rpanuynyo Touky. He cymecrByer koHpOPMHOro oTobparkeHus,
nepepogsiero obsactb D Ha |w| < 1. Eciu 6sl 3TO 6bLTO TaK,
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TO cyliecTBoBaja Obl aHajuThdyeckas byHkuus f(z), aas koro-
poil TOYKa 2y — M30JMpOBaHHadA ocobasd Todka. Tak Kak yHKIHS
f(z) orpannyena no MOAYIIIO, TO 2y — YCTPAHUMAs TOYKA, HO TOT/A
f(z) = const. Onarps nNpuILIM K NPOTHBOPEYHIO.

Bo3Hukaer BTOpPOH BOMPOC: CKOJIBKO CYIIECTBYET DPa3IMYHbIX
KOH(MOPMHBIX 0TOOpaskeHuit 001acTH Ha 00J1aCThb C COXpaHEHHeM
cBsi3HocTH. BoobGmie rosops, Geckoneuno MHoro. Tem He MeHee,
CNpaBeJjIuBa TeOpeMa eIWHCTBEHHOCTH:

Teopema emuncrBeHHocTn Pumana (6e3 doxasamenvcmea).
Cywecmeyem edurcmeennas dynxyus f(z), xorndopmro omobpa-
orcarowan odnoceasnyo obaacmov D, zpanuya xomopoti umeem

bonee 00HoOU MOuKU, HA BHYMPEHHOCTM® edunu“Ho20 Kpyza. Ilpu
IMmom

f(z2) =0, f'(2)>0, 2z €D.

Sanaga 38.| MoxkHo Jm  KOHGpOPMHO OTOOpPa3UThb  MPOH3-
BosibHOe KOublo 0 <7y < |z| <7r; Ha NPOM3BOJIBHOE KOJIBLO
0 < Ry <|z| < Ry?

3agaua 39.| [Ipu kakux ycinoBusix Ha ry, 79, Ry, Ry cymecTByer

KoHdOopMHOe oTobpakenue koubua 0 < r; < |2| < 7y Ha KOJb-
1o 0 < R, < |z| < Ry? Onpenenutb BuA HYHKUMH, JaoLIel Takoe
oTobpakeHue.

OcCHOBHBIE IPUHIUIBI KOHPOPMBIX O0TOOpakeHuit

|l'[pummn coorBercTBus rpanun. [lycTs orpannyennsie obsa-
cti D u G orpaHH4yeHBl 3aMKHVTHIMH >KOPJAHOBbIMH KYCOYHO-
rnaakuMu Kourypamu 0D u G coorBercTBeHHO. Ilycth dynknus
f(2) € A(D)NC(D) un oTobpakaeT B3aHMHO-OAHO3HAYHO FPAHULY
0D na rpanuny G c coxpaHenneM o6xoja no rpanune 0D; Torna
dbyukuusa f(z) xondopmHo oTobpaxkaer obiacts D Ha obaacts G
(puc. 32).
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Joka3areancTBo. Ilycrs w, € G, wy ¢ G. PaccMoTpuM age
dynkunn Fi(z) = f(z) —wi, Fa(2) = f(2z) —w,. Korma z npoGera-
er rpanuny 0D B JaHHOM HampasieHHHu, BeKTop f(z) —w; obxogur
rpanuily OG OQMH pa3 B TOM XKe HalpaBjieHHH, BeKTop f(2) — w,
[IOBEpHETCS Ha Yroa 2. AHAJIOru4HO, BeKTOp f(z) — wo oboiiaer
rpanuLy OG OIMH pa3, HO ApTyMEHT BeKTOpa NpPHpALICHHS He Mo-
JIY4HT, TO3TOMY

Var arg Fi(2) Var arg F(z)
_— =1, ——-= = 0.

2n aD 2m aD
Tak kax bynkunn Fy(2),Fy(z) € A(D)NC(D),Fi(z) # 0,Fy(2) # 0,
2 € 0D, To B cuiy npuHIMOa apryMenta dynkuusa Fi(z) umeer
BHyTpH obiactu D ogun Hysab, dyHkuus Fy(z) suyTpu obaactu
D B Hynb He obpamjaercsi. DTO O3HAYaeT, YTO ypaBHeHue f(z) =
w, ¥WMeeT eJUHCTBeHHOe peweHue, f(2) = w, pelieHUil He UMeerT.
Tem cambiM obsacte D oTobpaxkaerca Ha o6jacts G ¥ IPH 3TOM
otobpakeHue KOHPOPMHOe.

f(2)

f(z)

Puc. 32

Teopema (6e3 doxasameavcmea.) ITycmov ozparnuvennas obaacmo
D ¢ epanuuyeti 8D (wonmyp) omobpasicaemca xongdopmmo wa ozpa-
Huvennyro obaacmv G ¢ epanuueti 0G (kowmyp). Toeda f(z) €
C(0D) u ocywecmeanem s3aummo-odnosraunoe omobpasicenue D
Ha OG ¢ coxpanenuem HANPABAEHUA 06L00a N0 2PAHUUAM.

ATa TeopeMa B KAKOM-TO CMbIC/ie OOpaTHAas Npebl1yInel.
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ITpuanun cumMeTpun PnMana-IlIBapn;al

ITyers obaacTe D TakoBa, YTO HHTEPBAJ 7y AeACTBUTEIBLHON OCH
BXOJUT B rpaHuny obiactu D, u dynkuus f(z) € A(D) N C().
Iycrs Takxke D* — 06s1acTh. cuMMeTpudHasi ¢ D OTHOCHTEJILHO 7,
DND*=@. Ecau f(y) npuHamIesKuT OTPE3KY .J1eHCTBUTENbHOM
ocH, To ¢GyvHKIEA f(z) aHATUTHYECKH MPOJOIKaeMa B obnacty D*
depe3 . Takum obpa3om, cyirecTByer pyHkums (cM. puc. 33)

f(z), z€Du~,

F(z) € ADU~YUD*), F(z)= 7@, zeD.

f(2)

Puc. 33

Samevarue. Ycnosue D N D* = & naer OAHO3HAYHOE aHAJUTHYeE-
CKOe TpoJoJiKeHHe. B HHOM cilydae aHAJIMTHYECKOE MPOJIOJIXKEHHE
MOXKET OBbITb MHOIO3HAYHBIM.

HokaszarenncTBo. Ilycts Touka 2z € D; Torma cymecrByeT
okpectoctb Ug(29), € > 0, takas, yro B He#l dyukuuio f(z)
MOKHO Pa3JIoXKUTh B pai Teisopa:

+oc
f(Z) = Zan(z - Zo)", |Z - Z()I < E€.

n=0

-~ +00
Bgeaem dyukumio f(z) = Y d,(z2—7Zp)". Tak Kak psia cxoqurcs B

n=0

~

U:(Zo), 10 f(2) ananutuuna B U.(Zp), a Tak KaK TOYKa 2o — J0bas
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~

u3 obsactu D, to f(z) € A(D*). OueBuano

+00
f@) =) .z -2)" = f(2).

n=0

~

llpu 2 = = € v umeem f(z) = f(z) = f(z). Takum obpasom,
Ha uHTepBaje 7 byHkunu f(z) u f(z) coBnajaoT. MoxeMm npu-
MEHHTb NPUHIMI HelPepPhIBHOCTH, U3 KOTOPOTO cjieayveT, 4ro f(z)
ecTh aHAJINTHYeCKOe mpogo/nKenue f(z) B obsacts D yepes 7.



JPOBHO-JINHEVHOE HEBLIPOXKJIEHHOE
IIPEOBPA3OBAHUE " EI'O CBOICTBA

nekuywus

Byuem paccMaTpuBaTh paciiMpeHHY0 KOMILIEKCHYIO IJIOCKOCTh
C. CkaxeMm, uro gBe Kpubhie '} u 'y B GeCKOHEYHO yIajieHHOM
ToYKe (00) epeceKalTCs O YIJIOM «;, eCJId P Npeobpa3oBaHUK

— o6pa3sl kpuBbix I} u [, nepecekatorcsa B Touke 0 mox yrjioM .

| Lpobro-aunetinoi d}yrmuueﬁl WU dpobHo-AuHeltinvm omobpa-
orcenuem HasbiBaeTcsl byHkuusa w(z) Buga

b
w(z)= 22, abedeC.

Ecan ad — bc # 0, To oTOOpakeHne Ha3bIBAETCA HEBBIPOXKIEHHBIM.
ad — bc
(cz+d)?
Bue ad — be # 0 HEOGXOIUMO, €C/IM Mbl PAcCMaTpPUBaeM KOHMOPM-
Hoe oToOpaxkenue. B pajibHeiiliieM OyaeM paccMaTpuBaTh HEBBIPO-

JKJIeHHbIe APOOHO-IMHEeHbIe 0TOOPAXKEeHHS.

d
Taxk kak w'(z) = #0, z # ==, 2 # 00, TO yCJIO-

CpoiicTBa ApoOHO-INHEHHBIX HEBLIPOXKAEHHBIX PYHKIMHA

CaoiictBo 1. IpobHo-uHeiHOe HEBBIPOXKIEHHOE OTOOpaKeHue
KOH(MOPMHO 0TOGpaXKaeT PACHIHPEHHYIO KOMIUIEKCHYIO IJIOCKOCTh
C na cebs.

1-it caydait: ¢ = 0; torma mo yciaoBuio a # 0, d # 0 u
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d d d
ro w € C cymecrsyer enuncrsenHoe z € C Taxoe, uro w(z) = w,
T. e. orobpaxenue C Ha C B3anMHO-0JHO3HAYHOE, IPH ITOM 2 = 0O
nepexoaut B w = oo, w(z) € A(C) n w(z) — xoHbopMHOe oTobpa-
xenne Ha C. TTokaskeM, 4ro oHo KoHdopMmHO Ha C. Tak Kak z = 00

b
w(z) = z + =,z = (w— 9) g. Takum obpaszom, mis j1060-

1 1
IepeXoJUT B W = 00, TO CAejlaeM Ipeodpa3oBaHue z = Z, wy = —;
w
dg
toraa w;(§) = —=, Ho oHO KoHdopMHO B Touke § = 0, cieno-
a+ &b
BaTesibHO, oTobpakenune w(z) koHdopmHo B C.
az + b wd — b a
2-it cayyvait: ¢ # 0, w(z) = = —, w# -,
cz + c+d " a— wc c
a
z#——. Ecmu 2 = 00, TO w = —; eciiu 2 = ——, TO W = OO.
c

OTcro,u,a CJIeIyeT, YTO OTOOpakeHue w( ) — 0TO6pakeHne B3aNMHO-

onnosnaunoe Ha C, C nepexoaur 8 C, w(z) € A(C\ {— d/c}) ITo-

KaxkeM, 4YTO KOH(OPMHOCTb COXPAHSIETCH B TOYKE 2 = ———, z = 00.
c

d 1
Ecmu z = ——, To w = 0o. Cpenaem npeobpa3oBaHue w; = —
c w

cz+d
z+0b )
dopmuo. Ecan z = 0o, To caesnaem npeobpa3oBaHue z = —; TOCAA

a+§
c+é&d

HUrak, nepBoe CBOMCTBO JOKA3aHO.

b

TOorga wy, = , HO B TO4YKe 2 = —— 3TO npeo6pa305a1me KOH-
C

— 3710 npeobpa3oBaHue B Touke £ = (0 KOHGPOPMHO.

CsoiictBo 2. O6pa3bl Tpex Pa3jIUYHBIX TOYEK, IPU YCIOBUH, YTO
00pa3bl Pa3HYHBI, €AUHCTBEHHBIM 00pPa30M ONpeieNsioT Apo6HO-
JINHEeHoe HeBBIPOXKJEeHHOe Npeobpa3oBaHue.

[yers 2; # z;, w; # wj, 4,7 =1,2,3, rae w; = w(z),
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az+b w — W
w(z) = ——. Paciumem ——:
cz+d W — Wo
az+b az +b
w—w _cz+d cun+d _adlz—2) cntd
W — Woy az+b_a22+b ad(z — z3) cz +d’
cz+d czo+d
[TosTomy
wy—w, 23— 2 Cx»+d
w3—w2_23—z2 CZl+d.
OKoHuaTeNbHO

w—w, W3—wW; Z—2 23—2

w—wg'wg—wg 2—22‘23—22

DTO COOTHOLIEHUE HA3BIBAETCS GH2APMOHUNECKUM COOMHOWEHUEM
(aHrapMOHHMYECKOe OTHOLIEHHE).

23— 21
Ecan 23 = oo wimm ws = 00, To mojaralor ———— = 1 uiu
23 — 22
w3 —wr 1
w3 — W

V3 aHrapMOHHYECKOro OTHOIIEHHS CJIeAYeT, YTO OTOOpakeHHe
00 TPeM pasJMYHbIM Ipoobpa3aM M TpeM pas3/JuYHbIM 0Opa3am
Omnpese/IeHO OJHO3HAYHO.

CsoiictBo 3. ITpu apobHO-IMHEHHOM HEBBIPOXK IEHHOM IIpeodpa-
30BaHUM NpPsIMbie U OKPYKHOCTHU TepexoasT jaubo B nmpsmbie, aubo
B OKPY>KHOCTH.

YpaBHEHME MPSMOI UM OKPY>KHOCTU MOXKHO 3aIHUCATh B BUJE

A(z® +y*) + 2Bz +2Cy + D =0,

npu 3ToM, ecain A = 0, To 3T0 ypaBHeHue npsmoit, ecain A # 0 u
B? + C? — AD > 0, T0o ypaBHeHHe OKPY>KHOCTH.
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1 .
[TokaxkeM, 4ro npu mnpeobpazoBannd w(z) = -, z = T + 1y,
z

yTBEp2K/JI€HUEe CIpaBeInBo. [lepenuimiem ypaBHeHHE B NepeMeH-
HBIX 2, Z:

A(z* +y*)+ 2Bz +2Cy+ D
— Az -7+ 2B (“;Z>.+20<22_Z>+D

1

=Az-3+(B+§) (B—g)z+D 0,

KO3 DUUUEHTHI NIPH 2 ¥ Z B3aMMHO CONpSIXKeHHbIE. B nepeMeHHbIX
w U W ypaBHEHUe NpPUMET BUJ

A+ (B+S) L+ (B-F) gD
w-w i

w 7

b+ (5-C)ws (5+8)ms 0

Taxum obpaszoMm, eciu D = 0, To 310 ypaBHeHHUe npﬂmoﬁ ecyu
D # 0, T0 3TO ypaBHeHHEe OKPYXKHOCTH.

WJIn

) az+b
B obmem ciyuie, npegcraBus mpeobpasosanue w(z) = >t d
z
KaK cyme 6 i w(z) a_ ad—be
Neprosuluio npeobpasosanuii w(z) = — — ———— " yuu-
YIEPIOSHIAIO TTPeobp s )

1
ThbiBas, 4YTO npeoOpa3oBaHHE — COXPAHAET PACCMOTPEHHOE BBIIIE
z

CBOUCTBO 3, H 4YTO YMHOXKE€HHME€ Ha KOHCTAaHTY H CABHUI' Ha KOH-

CTaHTY COXpaHsieT 3TO CBOWCTBO, MOJIyYUM, YTO NpeobOpa3oBaHme
az+b

W(Z) =
cz+d
CaoiicTBo 4. CUMMeTPUYHbLIE TOYKH OTHOCHTEILHO NPSMO# K
OKPY2KHOCTH TipH JIpOOHO-JTHHEHAHOM HEBBIPOXKJIEHHOM Mpeobpa3o-
BaHuM nepexoadT B CUMMETPHYHbIE TOYKH.

TaK»XKe COXpaHdaeT YKa3aHHOe CBOHICTBO.
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JBe TOYKH 2 M 2* CUMMEMPUUHB OMHOCUMEABHO NPAMOY L,
ecJi 3TU TOYKM JeXKaT Ha NpsAMOH, NepleHIUKY/JIApHOW HaHHOMN
npsamoit L, u Touku 2, z* paBHOVIaJeHbl oT L (moHsiTHe, XOpomio
M3BECTHOE U3 IIKOJBHOTO KypCa ILIAHUMETDHUH).

zZ L w L,

Puc. 34

IMpeanosioxkum, 4To npsiMas L ¢ moMousio npeobpa3osanust w(z) =
az+b

cz+d
Toyka 2* — B Touky w* (puc. 34). Toukm w m w* OGynyT cumme-

TPUYHBIMA OTHOCHTENbHO L', TaK KaK B CuJly KOH(OPMHOCTH OTO-
Opaxxenuss w(z) npsiMble, NPOXOAAIIHE Hepe3 TOYKH 2 U 2*, HJIH
Jn100asi OKPY2KHOCTb, MPOXOIAIIasi Yepe3 3TH TOYKU, OPTOrOHAJIb-
HBI MpsIMOit L, ¥ no3ToMy 06pa3bl NPsSIMONl B OKpY2KHOCTell OyayT
OpTOroHaIbHB L', a oTcroga cieiyer, 4To TOYKH W ¥ wW* CHMMe-
TPUYHBI OTHOCUTEBHO L.

NepexoauT B nmpsimylo L', TOYkKa z MepeXOAMT B TOUYKY w,

L/

Puc. 35
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ITycTb Teneps npsiMast L nepexoquT B OKPYKHOCTH L' mpwu mpe-

az+b
obpasoBanun w(z) = ——. Torma B cuay KOH(OPMHOCTH mpe-
cz

+d

06pa30BaHUsA NpaAMas UM JI00asl OKPYKHOCTD, IIPOXOASIIAs Yepe3
TOYKH 2z H 2*, HMeT 00pa3bl, OPTOroHaJbHbIEe OKpYVKHOCTU L' U

NpOXOoAsIye Yepe3 TouKd w U w* (puc. 35).

Onpeaesiene. Touka w* HA3BIBAETCSH CUMMEMPUYHOT TNOYKE W OM-
HOCUTNEABHO OKPYIHCHOCTIU, €CIIU NPSMAst WIH JT100ast OKPYKHOCTb,
NPOXOASILIAs Yepe3 3TH TOYKH, OPTOrOHAJIbHA ITOH OKPYKHOCTH.

W13 ompesgenenus: cjeiyer, 4TO TOYKH, CHMMETPUYHbIE OTHOCH-
TeJIbHO TPSAMON WM OKPYXKHOCTH, TEPeXOUsT B CHUMMeTDHYHBIE
TOYKH OTHOCHTEJIbHO MPAMON WK OKpYXHOCTH. IlokaxkeMm, uTO
onpeesieHde CHUMMETPHUYHBIX TOYEK OTHOCHTEJIBHO OKDYXKHOCTH
KOPPEKTHO, T. . AJis JaHHO#! TOYKM BCErJla CYIECTBYET elf cuMme-
TpUYHAsA U OHA eauHcTBeHHa (puc. 36). IlycTh ecThb OKpy>KHOCTD
|z — a] = R, TouKa 2y ¥ CUMMeTPHYHAs el TOYKa zJ.

.
£

Puc. 36

Caenaem apobHO-THHeNHOe HeBBIPOXK JeHHOE Mpeobpa3oBaHue, MPH
KOTOPOM OKPY>KHOCTb nepeiiner B npsiMmyio Imw = 0 - neiicTBu-
TeJbHas npsiMasi. Hanpumep, paccMOTpuM npeobpa3oBaHue

14w
z=a+ R ——.
1—w
Ipu taxkonm npeo6pa3oBaHul TOYKa W = —1 COOTBETCTBYET TOYKE

2 =a— 1R, Touka w = 1 cOOTBETCTBYET TOYKe 2 = a + iR, TOYKa

7 Dynkuun
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w = 0 cooTBeTcTBYeT TO4YKe z = a + R, T. e.. HA caMOM JeJie,

1+w
npeobpa3oBanue z =a + R - T MePEeBOJHUT OKPYV2KHOCTh
—w
|z — a| = R B aeiicTBuTenbuylo npsamyio Imw = 0.
ITycTh TOYKA 2zp COOTBETCTBYET TOUKe Wp; TOIJA 2j COOTBET-
CTBYeT W; — TOYKe, CUMMETPUYHOM C Wy OTHOCHTEJIBHO MPSMOMN

Imw=0.1 e. w=w;. Umeem
; 0 0

14w 1+ Wy
z=a+R 2, 25=a+R'——.—__—E,
1 — iwy 1 - 1w,
HJIH L .
—_ — W, +im
zp—a)(zy—a)=R- — R — = R°.
(20 —a) (2 - a) 1+ 70, 1 — g
Taxkum obpa3zoM,
RZ
z5°=a+—-——__~—.
20— Q

WNtak, cuMMeTpudYHble TOYKH ONPEAEIAOTCH €AMHCTBEH-
HbIM 00pa30oM MO HCXOZHOH TOYKEe, PAAUVCy M UEHTPY JaHHOI
OKPY>KHOCTH.

W3 npeacraBieHuss CUMMETPHYHOM TOYKHM CJEIVeT, YTO eCJId
TOYKA 2q JEXKHT BHYTPH Kpyra, TO TOYKa 2j JIE?KUT BHe KpYra.

R26i<p
|20 — al’
MeTpu4as TOYKA z; PacNoOJIOXKeHa Ha TOM XKe Jjydye, HCXOISIIEM
U3 IEHTPa, YTO U TOYKA Zp. 1OYKH, JieKalue Ha OKPYKHOCTH,
CUMMETpPHUYHBI cebe, a 6eCKOHEUHO yJaJIeHHas TO4YKa CHMMeTpHY-
Ha HEHTPY OKPY2KHOCTH.

Urak, apobHO-1MHeHHOe 0TOOpakeHHe CHMMETPUUYHbIE TOUKH
HePeBOAUT B CUMMETPHYHBIE.

I[Iycth 29 — a = €|z — a|; Torma 2§ — a = T. €. CHM-

2

R
Paccmotpum oTobpakenue w(z) = a + =——, KOTOPOE Ha3bIBa-
z—a
eTcst uneepcueli OTHOCHTENbLHO JAaHHON OKpYKHOCTH |z — a| = R,
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r. e. OTOOpakeHuWe, MmepeBo/isiliee TOUKY B CUMMETPUYHYIO eif oT-

HOCHTEJIBHO OKDYKHOCTH TOYKY. B 4acTHOCTH, ec.ld NOJIOXHTb
z z

uneepcueti OTHOCUTENbHO eJUHUYHOM OKPY>KHOCTH, NIPH STOM BHY-

TPEHHOCTb OKPYKHOCTH IEPeXOIUT BO BHEUIHOCTb.

PaccMoTpuM 1Ba NpHMeEpa JPOOHO-JIMHERHBIX HEBbIPOXK IEHHBIX
npeobpa30oBaHuil, Ha KOTOpbIe Mbl JaJblle OyaeM CChLIAThCA.
[Ipumep 1 (puc. 37). Haitgem obumit Bux gpoOHO-JTHHEHHOTO OTO-
6pasKeHHsl, NepeBOISAIIEro BePXHIOK MOJIYIIOCKOCTh HA BHYTpeH-
HOCTb Kpyra |w| < R.

1 1
R =1, a = 0, To orobpaxenue w(z) = = = | = | Ha3bIBaeTCS

Z

Imz>0 lw| < R

R

4

.20

AA S

Puc. 37

IIycts Touka 2y mepexoauT B TOUKY wy = 0; Torna Zp mepeiijer
zZ— 2
B Wy = 00, N03TOMY npeobpasoBanue umeer Bug w(z) = A - —.
zZ— 2
Bocnosmbsyercs TeM, uro rpanuua obsacTd npn KOHGOPMHOM Ipe-
obpa3oBaHuu mepeiiner B rpanuny, T. e. npu z = z, |w(z)| = R.
Nmeem

2= 2

R=|x-

i—:% =|Al, A= Re"¥, w(z)=Re¥-

-~

z— 2

~ o6t By ApoGHO-JHHEHHOrO TPeobpa30BaAHMS.
M Haitnem obmumit Bux apobHO-1HHERHOrO 0TOOparXKeHus,

lepesoasmero kpyr |z| < R B kpyr |w| < R (puc. 38).
7*
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s
o

Puc. 38

ITycTh TOUKA Z¢ MEPEXOIUT B LEHTP Kpyra wy = 0, Toraa To4ka
2z mepeiiger B TOYKy wy = oo. IIpeobpa3oBanue OyieT UMETb BHI

Z2—2 zZ2—2 zZ—2 _
. *:/\ 5 = > __')\1, )\1—_—‘—)\'20.
z =23 R R2—2z-7
zZ—=—
20

w(z) =\

Tak kak rpanuna |z| = R nepexogut B rpaHuny |w| = R, To

., Re? =z | M| [ Re® =z | _ |\l
Y| = = . = : = .
!w(Re )I R = |\ R? — Reivz, R |Re % —7% R
[Tostomy
: . zZ—z
M| =R% A\ =R%Y w() =6 R?. R2—-z(-)z_0

~ obmuit BuJ ApOoOHO-IHHEHHOro npeodpa30BaHus, MEePeBOIAIIEr0
Kpyr |z| < R B kpyr |w| < R.



OCVYIIECTBJISIEMBIE ®YHKIIMEN
JKYKOBCKOTI'O, 9JIEMEHTAPHBIMU
OYHKIIMAMM (ZN, EZ, cos Z, tg Z)

KOH®OPMHBIE OTOBPAKEHWA, 1 5

nekuyuns

1 1
Dyukmua w(z) = 3 (z + ;) Ha3biBaeTca Pynxyueld XKyxos-

cxozo. H. E. 2KykoBckuit mogpo6Ho u3y4asi cBOHCTBA 3T0# DYHK-
MM B 3aJa4aX a3POMEXAHUKH ¥ MIADOAMHAMHKH.

Tak kak w(z) = w(1/2), T0 Ha BCell KOMIUIEKCHON MJIOCKOCTH
C bynkuus w(z) He ogHoaucTHaA, w(2) = w(22), ecm 21 - 2o = 1.
[Tostomy B obsactu |z| < 1 wim B obnactd |z| > 1 byukuus w(z)
OZHOJIMCTHA M oOpa3 3Tmx obJsactelt oguHakoB. ['paHuly Kpyra
|z <1 — |z| = 1 bynkuusa 2Kykosckoro orobparkaeT Ha OTPe30K
[—1,1] meiicTBuTenbHOM ocH, obxoxAmuitca ABaxKabi (puc. 39)

2|l =1, z2=¢€% ¢€[0,2n], w(e¥)=rcosp.

Puc. 39

Hyers z = . + 1Yy, W = Wy + twe. BHYTpPeHHOCTH eJUHHUYHOIO
Kpyra |z| < 1 mepexoauT Ha BCIO KOMILIEKCHyI0 miockocts C ¢



158 Jleknus 15

BBIOPOLIEHHBIM OTPe3KoM [—1, 1]:
2] <1 —=C\ [-1,1].

PaccMmoTpuM okpyxkHOCTB |z| = 1, 0 < r < 1, u HaiigeMm ee

1
0bpa3 npu orobpaxenun w(z) = z+ —Z—> Ecau |z| = r, 10

DO =

z=re¥ u

1 1 1
=3 (rcos<p+ ;cosgo) +i§ (rsimp— ;simp)

w—lcos r-i—l w—-lsin r—l
1—2 "% r ) 2_2 2 r .

Koraa Touka z mpobGeraer oKpy»KHOCTb |z| = r, ee obpa3 w(z)
npoberaeT 3JIJIMIIC

1 1 1/1
¢ dokycamu B Toykax +1 ¥ mOJIYyOCAMHU — (r + ;) u - (— - r).

HJIN

2 2\r
PaccMoTpuM To4KH, JiexKaliye Ha pajuyce eIMHUYIHON OKpYK-
T

HocTH, M uXx obpa3. Ilyecrs 0 < ¢ < ox TOrma 2 = re¥, ¢ -
dukcuposano, 0 < r < 1. O6pa3 3TOro paguyca ecTb 4acTh rumep-

601bI ) )
( ! ) —(}02 ) =1, we <0, wy > 0.
cos @ sin ¢

T
Ecau paccMoTpeTs paauyc npu —3 < ¢ < 0, To ero obpa3 ecTb

yacTb runepboan, w; > 0, wy > 0. Ananoru4no, o6pa3 pajuyca
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7r
npu 3 < ¢ < 7 ecThb 4YacTh runepbossr, wy; < 0, wy < 0, u 0b6pa3

paguyca mpu —m < @ < —-;I €cTb 4YacThb rumepbosbl, w; < 0,
wy > 0.

TakuMm 06pa3oM, OpTOroHaJIbHas CeTKa Ha MJIOCKOCTH 2, COCTO-
dlad U3 OKPYKHOCTe! U paguyCoB, HEHTPHI OKPYKHOCTell B Ha4a-
Jie KOOPJMHAT, MMePeXOAUT B OPTOrOHAJIBHYIO CETKY Ha IJIOCKOCTH
w, COCTOSIILYIO0 U3 JIJTUIICOB M T'Unepoo.

OTMeTHM [Ba 4acTO pacCMATPUBAEMBIX OTOGpakeHus 06Jja-
CTeil.

1. OrobpakeHnue BepxHei moaymiockoctd Im z > 0 ¢ nomonipio
dbyukuun 2Kykosckoro.

9710 oTOOparkeHHe MepeBOAMT MOJIYIIOCKocTb Im z > (0 Ha BCio

KOMIUIEKCHYIO IUIOCKOCTb C ABYMsi BbiGpomeHHbiMH Jydamu: C \
{(—=00,—1]U[1,+00)} (puc. 40).

Yy w2

TI777777 777 x 777 7 KL
1

Puc. 40

IIpu stom obparnas dbymkuua z = w + Vw? — 1, umeromas ase
OlHO3HAYHBIE BeTBH, nepeBoaut obmacts C \ {(—o00, —1JU[1, +00)}
Ha JBe MOJIYILUIOCKOCTH: OJHA BETBb MEPEBOAUT 3Ty 06JacTh Ha
Im z > 0, a apyras BerBb — Ha Im 2z < 0.

2. OroGpaxxenue HuxkHero noiaykpyra {|z| < 1} N{Imz < 0} c
nomompb1o pyskuun 2K yKOBCKOro.

OroGpakeHue TepeBOAMT MOJYKPYr Ha BEPXHIOK MOJYILIOC-
Koctb Imw > 0 (puc. 41).
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wa 1

z d 17
—IK/l : ! ! “
Puc. 41
Paccmorpum dynkmumio w(z) = 2, n € N, n > 1.

Ha Bceit koMmmiekcHoil maockocth C ¢yHKuua He sABidger-
cd OZHOJHCTHOH, HO MOXHO pa36uTe miockoctse C Ha n
obnacTefi OZHOJUCTHOCTH yHKuum 2", Hanpumep: 00JacTb

2
D, = {2:2—:—(k—1) <argz < %k}, k=1,2,...,n (puc. 42).

z ' 114

L. VIV
77777777 PP 2777 77 7777
x Hidddds wn

A

Puc. 42

O6aacty Dy ¢dyHxkuus 2" KOH(MOPMHO NEepeBOAUT HA BCIO KOM-
NJIEKCHYIO IJIOCKOCTh C BBIOPOIIEHHBIM NOJIOXKHTEIbHBIM lequ

C \ Rt. Ecau mbl paccmorpuMm objiacth 0 < argz < —, TO
g e

dbyukuusa 2" sty 006JaCTh NePeBOAUT HA BEPXHIOIO MOJIYIJIOCKOCTb.
Ilepeiinem k dynkuun w(z) = e*. Tak kak 3Ta pyskuus 2mi
nepuoguuHa, To Ha Bceit miaockoctu C ona He omnosmcTHa. Kom-
miekcHy1o miockocTb C MOXKHO pa3buTh Ha cueTHOe 4HCJIO 0b6Ja-
creit Dy = {z : 2n(k — 1) < Imz < 27k}, k € Z (MHOXecTBO
HeJIBIX YUCeJ), HA KaXJI0# U3 KOTOPHIX (PYHKIHA e OZHOJUCTHA.
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w2

z Y W

27

e ead 7 I

\

w1

Puc. 43

O6aacth D) mepeBOAWTCS HA BCIO KOMILIEKCHYIO 00JacTb C Bbi-
gpowenHbIM nonoxkuteabnsiM Jysom — C \ R (puc. 43). Ecom
pacCMOTpeTh TOpM30HTaNIbHYI0 mojocy: 0 < Imz < 7, To obpa3
3TOfi MOJIOCHL €CTh BepXHss MojymiockocTs Imw > 0.

Onpegenum 00pa3bl FOPU3OHTAJbHBIX H BEPTHKAJIbHBIX MPs-
MbIX, T. €. o00pa3bl OpTOroHajbHO# cerkn Ha miaockoctu C.
TopH30HTAIbHAS TIPAMas Y = ¢ UMeeT 06pa3 w = e+ = e . ¢'°.
O6pa3 3Toit NpsaAMOM ecTb Jiyd, 0Opa3yroIMii yroa ¢ ¢ MOJoXKH-
TeJbHBIM Jiydem (puc. 44).

z Y 1%

Cc1 T \l}l/ w1

Puc. 44

Beprukaspnas npsmas T = ¢; uMeeT o6pa3 w = €Y, |w| =
— OKpy»KHOCTb paauyca €. Korma y npoberaer Bce 3HaueHus M3
(=00, +00), OKpYXHOCTb Mpoberaercsi cueTHOe 4ucio pa3. Pac-
CMOTDMM HPSMOYTOJBHUK CO CTOPOHAMM, MApaJlIeIbHBIMH OCAM T
uy. [ycrs z € [a,b], y € [c,d], npu s3ToM 0 < ¢ < d < 27 (puc. 45).
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Yy w2

Puc. 45

IIpn npeoGpa3oBaHMM €° TaKOi NPSMOYIOJIbHHK TIE€PEXOJHT B
006.1aCTh, OrPAHHYEHHYIO ABYMS JIyd4aMu: argz = ¢, argz = d u
ABYMsl OKPyKHOCTAMH |2| = €%, |z| = €®. B uacTtHoCcTH, KOrZma
¢ =0, d = 27, T0 06pa3 ecTb KOIBLO C pPa3pe3oM MO OTPE3KY
neictBuTebHON ocu e < z < eb.
eiz + e—iz

Paccmorpum dynkuuio cos 2 = ———. Tak kak Mbl paccMo-
Tpesn pynkuuo 2KykKoBcKoro u GYHKIMIO €%, To PyHKIHIO COS 2
MOJKHO pacCcMaTpHBaTh KaK CYNeprno3uimio 3Tux GbyHKnui, 1 B co-
OTBETCTBHH C 3THM PAacCMAaTPHBAaTbh OTOGpakKeHHe, OCYLIeCTBJisde-
Moe GyHKImelt cos z.

B cuay nepuoauyHocT# (DYHKIHMH COS 2, OHA HE SABIAETCA Of-
HOJIMCTHON Ha Bcell koMmIekcHO# miockoctd C. MoxHo pa36uTh
KOMILIeKCHYI0 niiockocTb C Ha cueTHOe umciio obaacredt Dy, — Bep-

THKaJbHbIE mojiocel: Tk < Rez < 7 + 7k, k € Z (puc. 46).

w2

z " W

0 s x —_1 0 ] — W1

Puc. 46

OVHKIMS COS 2 KaxK, 1Yo 00s1acTh Dy nepeBoAUT Ha BCIO KOMMJIEKC-
HVIO TockocTh € ¢ aByMsi BBIODOLIEHHBIMHU JIyYaMHu:

Dy — C \ {(=o00, —1] U[L, +00)}.



KoHpopMHbIe 0T0bpa’keHHs1 HeKOTOPBIMII (DY HKUHSIMH 163

Ecan paccMmorpers HmkHiOKO mnojaymodocy — {(Imz < 0),
z € (0,m)}, TOo GyHKuuS COSZz HEPEeBOIUT ee HA BEPXHIO
nojymiockocets Imw > 0.

Paccmorpum dyukumio w(z) = tgz2. B cuiy nepnoguysocTH
31Ol PyHKUMH, paccMOTPUM (PYHKIHMIO B BePTHKAJIBHON moJioce —
——725 <Rez< = (puc. 47).

2
v w
YA W
7]
/
Y i
/ s
Y
I jus T w
2/ 2y ) 1
( -2
V,'4
/ 4 |7]
V 4
Puc. 47
eiz _ e—-iz 1
Tak kKak tg = —————— - =, TO mpaBas 4acTh I'DAHHLBI MOJIO-
e‘lZ + e—zz Z
b 7r+, ¢ (7r+. . e¥+4eY
z = — + iy NepexoguT B W = —+iy) =1 —.
2 : 82 e — v

Koraa y npoberaer Bce 3HadeHus or —oo g0 +00, 06pa3 mpo-
Oeraer MHOXeCTBO, JeXkallee Ha MHHUMO# ocM — [Ba Jyda:
Wy € (—00,—1]U[1,+00). Takum 06pa3om, BepTHKAJIbHASA NOJIOCA
nepexoguT Ha BCIO MIockocTb C ¢ AByMs BHIOPOUIEHHBIMH JIy4aMH
—C\ {w:w; € (—o0,-1]U[1,+00)}.

Ecin paccmorpers Bepxuiolo moaymiaockoerh — {Imz >0,

T
S (-5,5)}, TO YHKIMSA COS 2 MEepPEeBOIUT €€ HA BEPXHION
monymiockocrs Imw > 0 ¢ BbIGpOIEHHBIM JIy4OoM wq € [1, +00)
(puc. 48).

B 3aksouenue paccMoTpum 33724y 0 KOHDOPMHOM 0TOGpasKe-

HUH, Tae ncnosib3yeM npuHuun cammerpun Pumana-IlIsapua.
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w2

z v W

77 7 7 vV 7.
[.7. z J wy

]

Puc. 48

3agada. Orobpasurh KOHGPOPMHO 00/1aCTb, TaK HA3BIBAEMYIO
BHewHOCTb Kpecta, C \ {y =0, z € [-1.1); y € [-1,1], = = 0},
Ha BEPXHIOK MOJyIIocKocTh Imw > 0 (puc. 49).

w2

Z v 144

Puc. 49

Tak kak wucxogHass o00JaCTh CHMMETPHUYHA OTHOCHTEJIbHO
JIe#CTBUTEILHON OCHM, M T'PaHHLa o0JacTH JO/KHA NepedTH Ha
TeACTBUTEJIBHYIO OCh, TO IPUMEHHM NPUHIUN cCUMMeTpuu PuMmana-
[IIBapua. Paccmorpum obsacts D, rpanuueit KOTopoit saBJisercs
JefiCTBUTE/bHAS OCb M OTPe30K mo MHHMO# ocu: y € [0,1],

= 0. [Ipumenum K 3T0#t 06/1aCTH TOC/I€I0BATEIBHO npeo6pa30-
panus: wy = 22, wo = wy +1=22+1, w3 = Jw; = V22 +
1 BO3bMEM Ty BeTBb, KOTOpasi MEpPeBOAMT OOpa3 Ha BEPXHIOIO
NoJIYIJI0CKOCTh. VTak, nmpeobpa3oBanue ws = /22 + 1 nepeBoaur
obiacte D; Ha BEepXHIOI MNOJYIUIOCKOCTb, & TOTAAd HCXOAHAS
00,1aCTh — BHEIIHOCTh KpecTa — nepefiieT BO BCIO ILJIOCKOCTb
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¢ BbIODOIIEHHBIM OTpe3KoM [—v/2,v/2] mo aeficTBuTesbHON oOCH
(puc. 50).

Ws

Vi T V2

Puc. 50

Teneps, NpUMEHHUB  JpOOHO-JIMHefiHOe  npeobpa3oBaHue

2 - w3

V2 + ws7

MOJIOXKUTEIbHBIM JiydoM. U mocneanee mpeobpasoBaHue w = |/wy

(6epent TY BeTBb, KOTOpas NEPEBOJUT BCIO NMJIOCKOCTD C BHIOPOLIEH-

HBIM JIy4YeM Ha BEPXHIOI0 MOJIYIJIOCKOCTDb) JAaeT HaM OKOHYATelbHO
npeobpa3oBanue (puc. 51)

Wy HOJYVYMM BCIO IUIOCKOCTh C BBIOPOLIEHHBIM

V2 -V22+1

v =\ GrvaErT

wy

W, v 1%

Puc. 51



3AJAYA JUPHUXJIE
JIJISI OIIEPATOPA JIAIIJIACA

nekuywus

O zagave dupuxse 1isa oneparopa Jlamiaca Mbl y»Ke roBopu-
JIM, KOIJla PacCMaTpHMBaJIi OJHO U3 CJEACTBUH U3 NPHUHUMIIA MaK-
CUMYyMa MOAYJS aHAJNTH4YecKO#H dyHkiuu. Bbuio mokasaHo, 4To
ecJii pellieHne 3aa4u JJupuxie cyuecTByer, TO OHO €IMHCTBEHHO.
Ceituac moiigeT peyb 0 CAaMOM CYIIECTBOBAHHH peLIeHMsL.

HanoMHHMM NOCTaHOBKY 33Ja4i: HAWTHM rApMOHHYECKYIO yHK-
1Hio B 061actu D, NnpMHUMAOILYIO Ha I'paHule objaactu 0D 3anaH-
Hble HenpepsiBHble 3HaYeHud h(), € € 0D, unu, 4TO TO XKe camoe,
HaliTu GyHKuMIO u(T,y), YI0BIETBOPSIOULYIO CHCTEME

{ Au=0, u(z,y)=u(z), ze€D,
ul,, = (), £€8D, h(€)eC(dD).

Jna npousBoabHO#t obnactu D 3aga4a Iupuxiie, Boobiue rosopd,
MOXKeT M He UMeThb peuieHus. B cayuae, korma D — ogHOCBs3-
Hasi, OrpaHM4YeHHas 00JacThb, rpanuna Kotopoit 0D — 3aMKHyTas,
KYCOYHO-IVIaIKasi, 2)KOPJAHOBA KpUBAasd, pelueHue 3aaa4u Jupuxie
Bcerga cyuiectByer. st obnactu D = {|z — a| < R} (ansa xpyra)
MBI cefyac MoJIyYMM pelleHHe B SIBHOM BHJE.

CHauajla MOKaXkeM, YTO €CJH eCTb rapMoHudeckas pyHKIus
u(z,y) = u(z) B 3amkHyTOM Kpyre |z — a] < R, TO ee MOXHO
BOCCTAHOBHMTb BHYTPHM KDYra IO 3HaYeHWsAM Ha ero rpaHuie, |z —
a| = R. Beenem o6o3navenus: £ = a+ Re*?, ¢ € [0,27], £ € D =
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{|¢ —a| =R}, z2=z+iy=a+re’, 0<r<R, §€l0,2n],
a = a; + iay. Toraa
u(z) = u(z,y) = u(ay + rcosb.as + rsinf) = u(r, ),
u(€) = u(a; + Rcos @, ay + Rsing) = u(R, ¢).

Tak kak Kpyr — 06J1IaCTb OJHOCBSI3HAs, TO TI0 FAPMOHHYECKOH
dyakuuy u(2) B 3aMKHYTOM Kpyre |z — a| < R MOXKHO HOCTPOHTH
aHaJuTHYecKyo dyukumo f(z) = u(z,y) +wv(z,y), f(z) € A(|z—
a| < R).

[Mycrs 2* - TOYKa, CUMMeTpHYHAsT ¢ TOYKOH 2 € D OTHOCUTENb-
HO okpyxkHocTH |€ — a| = R. Vmeem

_ 1 f(§)dg dé / f(§) d§
1@ =35 € — z*
IE—aI R |€ al—R
f (-2 )df
2*)’
|€ al= R
MpbI npuMeHNIH MHTerpajbHyio ¢popmysay Komu ans rouku z € D,
_ d
a Tak Kak Touka z* ¢ D, 1o unterpan [ f(—f)—*g =0.
le-al=r & ~ 2
[Tpeobpa3yem BbipaXkeHue 2= :
) (§-2)(—2)
z—2" z—a-— %
E-2E-2) (-2)E-a-£)
’I“2 _ R2
~ re=i0 (Reiv — reif) (Reiv — Eeif)
R2 . 7.2
~ Re® (Reo=9 — 1) (—1r2 + Rei0—))
R2 - ,,.2

~ Reiv (RZ2+712—2rRcos(f — ¢))
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Takum 06pa3oM, Bbipaxkenue s f(z) npumer BuJ

2r . .
f(2) = 1 Re*?i(R? — r?) f(a + Re') dp
" 2mi | Reiw (R?+r?—2rRcos(d — ¢))
0

_ i7’ (R? = %) f(a + Re) dp

" 21 ] R247r2—2rRcos(f— )’
0

Wnrerpan, crosdmuit crpasa, HOCHT Ha3BalHe UKMe2pas ITyaccona,
a BbIpaXKeHue e —RQr_RTcos =) Ha3bIBaeTCsd A0PoM uHme-
epasa ITyaccona. Tak xe, kak n uarerpai Komm, uarerpan Ilyac-
COHA JaeT BbIpaxKeHHe aHAIMTHYECKON (DYHKIMH BHYTPH 00JaCTH
4yepe3 3HavYeHHe (DYHKIUMM Ha rpaHuue obaactu. Ho B otiuune ot
unTerpata Komu, mHOXKHUTENb IPH f(R, ) €cTh JeficTBUTEIbHAS
dbyskuusa — aapo [lyaccona.

Bocnoab3yemcs 3TUM M OTHeIMM AEHCTBUTENBHYIO U MHUMYIO

qacti pyHkiun f(z). Takum o6pa3om,

27
(R2 B T2)U(R, (P) de

ur,9) = o / R% + 72 —2rRcos(6 — ¢)
0

OtmMeruM HekoTOpBIe cBOMcTBa sapa Ilyaccona.
1.IIpu 0K r< R

R2—T’2

>0
R2+1r2—2rRcos(0 —¢) = '

27
1 (R? —r?)dp _1
21 /| R2+12—2rRcos(f —¢)
0
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2.
R%? —r? — Re Re¥ +z—a
R24+712—-2rRcos(§ —¢)  Re¥ —(z2—a)’
Re +z—a

Tak kak QYHKIHA — al < R), To aapo

: € A(lz
Rei? — (z — a) (
[TyaccoHa ecTh rapMoHu4ecKas GpyHKUMs BHYTPH Kpyra |z—a| < R,
T. . npu dukcuposaHHbix R, u B nepemennsix r,6 oneparop

Jlanmaca
R2 _ 7.2
A (R2 + 12 — 2rRcos(f — <p)> =0.

[TepexoguMm k 3amade dupuxie mjig kpyra: HaTH QyHKIMO
u(z, y), YAOBIETBOPSIOLIYIO CHCTEMe YPaBHEHHMIA:

{ Au=0, z€{|£-a|<R}
ul,, = h(E), £€0D, k() €C(¢-al=R).

3amevarue. Ycnosue ul oD = h(€) nogpasymesaer, uro pyHKuua
u(z,y) = u(z) € C(D), }1_51’112 u(r,6) = h(R, ).
O—¢p
[Tosiyyennoe Hamu mpeACTaBJIEHHE TAPMOHHYECKOH (YHKIMH
dyepe3 uHTerpaj I[lyaccoHa, moaCKa3biBaeT, YTO pellleHHe 3aJadu
Jupuxe cieiayer ucKarb B BHIE

)A(R, ¢) dp
< .
wz) = ufr,0) = 27r/R2+r2—2chos(0 @)’ Osr<k

B camom jesnte, mokaxkem, 4TO HHTErpaJ CIpaBa JaeT pellieHHe 3a-
nNaqyy [Jupuxie, T. e. HYXKHO MOKa3aTb, 410 u(r,f) rapMOHHYHA
BHYTpHU Kpyra H lirrll2 u(r,0) = h(R, ).

r—

60—
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JokasarenabcTBo. Tak Kak noJ 3HAaKOM MHTErpaJjia CTOMT (PYHK-
(R? — r*)h(R, ¢)
R?+ 12 —2rRcos(0 — @)’
HenpepuiBHO-IuddepeHunpyemas o r u 0, 0 < r < R, 0 € [0, 27],
to byukuus u(r,§) aBakapl HenpepsBHO-Aud depeHuMpyema U ee
NIPOM3BOJHBIE MOXKHO BBIYHC/ATb KAK HHTErPaJbl OT POU3BOAHbBIX
(cm., Hanpumep, [4]). Oneparop Jlamiaca B nepeMeHHBbIX T, Y UM

B TIepeMeHHbIX T, § uMeeT BUJ

Jugie HenpepbIBHaA O @ H JABaXKIbI

Pu  Pu  Pu 10u 1 d%u

Au = = Z el
= 02 + oy? 0r? + r or + r2 06?
Orcrona
1 2r R2 2
-7
Au(r,9) = on A <R2 + 72 — 2r Rcos(6 — <p)> MR, ¢)de =0.
0

Tem cambiM, &ynkuus u(r,f) rapMOHMYHAa BHYTPH Kpyra
|z —a| < R.
[Mokaxkem, uro lim u(r,6) = h(R,¢), wo € [0,27]. U3

r—

08— 0
cBoiicTB aapa [lyaccona caemyer, 4o

27
1 R? —r?
AR, po) = i;r-/ R? 4+ 72 — 2rRcos(f — cp)h(R’ o) dp-
0

Paccmorpum pasuocts h(R, ¢p) — u(r, 6):

h(R, p) — u(r,0)

27
1 R2 -2
T o / R2 4+ 12 — 2rRcos(0 — ¢) [2(R. o) — h(R, ¢)] dip.
0
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OueHuM HHTerpaJj, CTOSIIHI CIpaBa. Tak kak byHKIMs
h(R, ) € C([0,27]), To

Ve > 0, 36; > 0,VYp € [0,27] :
lo — wol <61 — |R(R,p0) — h(R, ¢)| < /2.

[Iycts 6 = min(d;,1) n

Ji=g R [A(R, vo) — h(R, ¢)] d
Yo R? +1r2 —2rRcos(f — ¢) » o 1)) 6P
lp—wol<é
Nmeem
€ 2
Al S 2 2n R? 472 — 27°R cos(0 ©) dp
I‘P wo|<o
< / .
N9 or ] R4r2— 2rR cos(B <p) 9

OueHuM uHTErpaj

1 (R? = r?) [h(R, po) — h(R, ©)]
Jp = — d
27 R? 4+ 12 — 2rRcos(f — )

lp—po|>6

)
Tak kak 6 — @, TO paccmorpuMm 6 : | — o] < 35 TorA 0up
YAOBJIETBOPSIIOT HEPABEHCTBAM

)
{ |9—<p|>—a

N
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0 ) )
T.e 3 <|0-¢| <21 - 5 W cos(f — ¢) < cos 5 < 1. Iycts
M = max |h(R, y)|, Toraa

€[0.27]
1 (R? —r2) - 2M
< —
72| < 27 / R? + 712 - 2rRcosd/2 ?

|p—v0|>6
1 2M-27-(R?>-r?)
S 21 R2+7r2—2rRcosd/2

Tak xak r — R, TO
Ve >0, 38(,0) >0, Vr:|r— R| <& :|Jo] < g/2.

Tem cambiM lim u(r, 0) = h(R, o).

60— o
Mrak, ans ciyyasi Kpyvra pemienue 3aaaud Jupuxiie uMeeT BUI

2n
u(r,0) = — / (R — r®)h(R, ) dp

2 ) R2+1r2—2rRcos(6 — )’
0

PaccmorpuMm cayyait monymiockoctu. IIpeaBapurenbHo AoKa-
JKeM CJIeAYIOUIYI0 TeOpeMY.

Teopema. Ilycmo u(z,y) = u(z) 2apmonuneckas Pynryus ¢ od-
noceasnoli obaacmu D u dynkyua w = f(z) xondopmmno omobpa-
orcaem obaacmo D e obaacmov G; mozda dywryua u[f~1(w)] ecmo
2apmonuveckas pynkyua 6 obaacmu G. Hnave, xongdopmmoe omo-
bpasicenue obaacmels corpanaem maxoe c80lcmeo PyHKyul, Kax
2GPMOHUYHOCTND.

Joka3arenbcTBo. Tak Kak 06yiactb D — 0IHOCBA3HAs, TO CyILUe-
crByer aHajgutuyeckas dyukuus O(z) = u(z.y) +iv(z,y), ®(2) €
A(D). Ho rtak kak dbyskmus f(z) kKoHdopMmMHO oTOOGpakaeT
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obnacts D na obaacts G, To dyukuusa f~!(w) € A(G). INosTomy
cyneprnozuuust dyukmuii @ [f~!(w)] ananwrwuna B obasactu G,
a ee JeficteurenbHas uactb Re® [f~'(w)] = u[f~'(w)] ects
rapMoHuuecKasi GyHkmus B G, 4TO U TPeOOBAJIOCH J0KA3aTh.

3ajada Jupuxie Ajs NOJYIIIOCKOCTH: HAWTH rapMOHHYECKYIO
dyukumo u(x,y) = u(z) B obaactu {Im z > 0}, npunnmarouryio Ha
JgeiictBuTebHON ocu Im z = () 33JaHHBIE HENpepLIBHbIE 3HAYEHMS
a(z), 1. e.

{ Au=0, ze€ {Imz>0},
u(z) = a(z), a(r) € C(Imz=0).

3amevarue. HenpepbIBHOCT (DVHKIMH Ha HEOTDAHUYEHHOM MHO-
)kectBe D mogpasyMeBaer, 4TO CYLIECTBYeT KOHEYHBIN mpenes

lim a(z) = C,, a Takxe lim u(z) = C,. Takum obGpa3zom,
T—00 -
z€D

byukuus a(z) orpanndena: |a(z)] < C, lim a(z) = Cy, bynkuus
T—00

u(z) HempepbiBHa B D (puc. 52).

y W

20(o, Yo)
u(e) A i)
&(x) \

A\

Puc. 52

Oro6pa3uM KOHMOPMHO BEPXHIOIO MOJYIIOCKOCTh Im z > 0 Ha
BHYTPEHHOCTb €IMHMYHOTrO Kpyra |w| < 1, Tak uTo TOuYKa 2y =
Ty + 1Yo, 20 € {Im z > 0} nepeiizer B Touky wy = 0. Hanpumep,

zZ — 2
oroGpaxenne w(z) = —
Z— 2
3TOM 0TOOpar<eHWH HempepbiBHasA PyHKuus a(r) nepeiizer B He-

npepoiBHyI0 byHKIEI0O h(p), ¢ € [0,27]. Ilo moka3aHHOMY paHee

YOBJIETBOPSIET STUM VcJjoBusiM. [Ipu
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rapmonunyeckast dyukuus u(r, 0) B kpyre |w| < 1 1 npuHEMaOLIas
3Havyenus h(p) Ha rpaHuie Kpyra ecTb (pyHKIHs BUAA

27

1—r?
6 < 1.
ur,0) = /1+r2—2'rcos(9 (P)h(<p)dcp, Osr<
0

2n
~ 1
[Tpu r = 0 byukuus u(0) = -2—7;/h(g0) dep.

0
CnenaB obparHoe npeoOpa3oBaHHe, mepelgeM ¢ eIUHUIHON
OKPY>XHOCTH Ha JeHCTBHTEJIbHYIO MPIMYIO; TOrIa

w= e = dew:ieisod(p:x_z_O_(x_zO)
T—7 (x — %)

dz,

nJIH

_ 2 — 2o v = 2yo
(z — 20)(z — %) (x — z0)? + 8

dz.

YuuTbiBasg, YTO NpU KOHPOPMHOM OTOOpAa>KEHHH TaPMOHHYHOCTh
coxpaHsiercsd, OyaeM HMeTb

w(%o, Yo) = —yo / (:v—:co 2+y0

— pewieHue 3agaun JIupuxJjie aJid MoJyIIOCKOCTH.
PaccMoTpum obmuit ciayyvait.

Onpenenenne. @yukuus G(z,€), 2, € D (obnactw) sapiasfercs
Pynxyueti ucmowruxa s nepBoil KpaeBo# 3aJadud AJjisi ypaBHe-
Hus Jlamnaca unu gyrxyuet 'puna qis obaactu D, ecnu
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1. G(2,¢) = %lnﬁ +9(2,§), 2,£ € D,
rae dynkuna g(z,§) sBnsgercsa rapMoHnyeckoit B obractu D no z
npu dukcuposanHom &, T. e. A,g(z,€) =0,

2. G(2,)|,cop = 0.

Ecau cymectsyer dyukuusa 'puna gaa obaactu D, To peienue
3aJa4d Jdupuxie uMeeT BHJ

0G(z,€)
u(z) = [ —5-="h(¢) do,
8D

rne 2 € D, € € 0D, do - auddepenuyan AJuHLI AyTH, a TPOU3-
BOJHas Oepercd Mo BHYTPeHHel HOpMaJii. DTOT PaKT Mbl He OyaeM
JIOKa3blBaThb, KAK U PACCMaTPHUBaTh BOMPOC, JJsi KAKMX 00jiacTei
cymectByeT dyHkuus I'puna. B cayuae, ecau obaacts D — ogHo-
cBsI3HadA ¢ rpaHuuei 0D - 3aMKHYTO#H, KyCOYHO-IVIaIKOM, Kopaa-
HoBOIt KpuBo#l, pyukumsa I'puna Bcerna cymecryer. Paccmorpum
CBSI3b Mexay cymecrBoBanueMm ¢pyHkuun I'puna aas obmacru D
B ee KOHPOPMHBIM OTOOpaXK€HHMEM HAa BHYTPEHHOCTb €IMHHYHOrO
Kpyra.

PaccMorpuM ofHOCBsI3HYI0 00JjlacTh D, rpaHuna KOTOpO# co-
AepKuT 6osiee ogpoit Touku. Ilo Teopeme Pumana takyio obsacrb
MO>KHO KOH(POPMHO OTOOPA3UTh HA BHYTPEHHOCTb €AMHHYHOTO KpY-
ralwl <1: D — |w| < 1, Tak, uto Touka £ € D nepexo-
aut B Touky w = 0. Ilycrs 3ro orobpakenmne 3azaer GyHKIMS
W(z,&) : W(,&) =0, lW(z,{)LeaD =1, |W(z,£)| < 1. Iosromy
3Ta HYHKIMA MMeeT BH

W(z,8) = (2 = €)p(2,€), ¢(2,8) € AD), ¢(2,§) #0, z€D.

Tak kak ¢(z,€) # 0, 1o In p(z,&) € A(D) u meficTBuTe/IbLHAS YACTh
Re In p(z,€) = In|p(z, £)| ectb rapmonnynas dbyukuus B D. Wrak,

In|W(z,6)| =In|z — & +Infp(z,£)|
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NI

1 1 1 1

In——5+ =

2 MWl - 2 e )

1 1 1 1 1
= ln—— — —1 =1
o |z —¢€ 2nm nlo(z0)l o7 |z — £

+ 9(2,8),

9(z,€) ectp rapmonudeckas ¢pyukuus mo z B D npu dukcupoBan-
1

oM ¢. Tak kax |W(z,§) =1, 10 —In ——+ =0u,
I llze(-)D , 1 |W(Z,f)| U
TeM caMbiM, QPYHKIMSA — ln ————— ecTb ¢yHKuusa I'puna uau
2 |W(z,6)]

GbyHKIMA UCTOYHHKA AJid obnactu D.

[Tosromy, pemuts 3amauy dupuxie aias ypaBHenus Jlaniaca
B objactu D, wim HaliTH KoH(GOpPMHOE OTOOparkeHHe 001acTH Ha
BHYTPEHHOCTb €JUHUYHOrO Kpyra, Wik HaTH pynkuuio ['puna as
obJlacTH — 3alJavM 3dKBHBaJIeHTHbie. B ciydae, korma objacts D
— KpPYr HJIM BepXHS MOJYIJIOCKOCTh, Mbl B SIBHOM BHJE HAIIIH
pemrenue 3agauu Jdupuxie.

3agauya 40.| IIycrs B obsmactu D 3anaHa geficreuresbHas GyHK-
uua u(z,y) € C(D). Hdoxa3arp, 4to ecau gjua GyHKuuu u(z,y)
CripaBemJIMBa TeopeMa O CpeJHeM: IJId JIIo0o# TOukH zo € D Hail-

27
- 1 _
nercs Us(z) € D, 6 > 0, u(zo,y0) = -2?/14(20 + de*?)dp, z =
0

Zo + iyo, TO pyHKIUsA u(x,y) rapMoHMYHA B obsacTu D.

Jloka3aTb, 4TO €CJIM MOCJEJ0BaTE]bHOCTh (byHKIMiA
{un(z,y)}, rapmonunveckux B obnactu D, cxomuTcs B HEKOTOPOR
TouKe (To,Yo) € D, npu 3TOM Uy, (Z,y) £ Un-1(z,y), (z,y) € D, T0
39Ta MOCJ/IEA0BATENBbHOCTD {Un(Z,Yy)} CXOAMTCA PABHOMEPHO BHYTDH
obsactu D.

Jokazare ciaeayomym meopemy Iapraxa. Ecau pax



3anava Jdupuxie aasa oneparopa Jlanjiaca 177

oo
>~ un(z,y) cxonurca B Touke (To,yo) € D, rae dynkuun un,(z,y)
n=1

rapMOHHYHBl B 06jacTH D M HEOTPMIATENbHBI, TO PsiJ CXOIUTCS
paBHOMEPHO BHYTpH obsactu D.

B 3akJ0ueHHe OTMETHM CJIeACTBHE U3 PellleHus 3aa4uu Jupu-
XJie JJis Kpyra, oTHocsiueecs K psagam Pypre.
CneancrBue. Ilyctv 3apana dyskuus f(a) € C([0,2q]), f(0) =
f(27). Hdna rako#t dyHkuun onpeneseHsl koapduuuentsr Pypoe.

Sanumem ¢popmanbhbiil psg @ypbe, COOTBETCTBYIOUMIA 3TOH DYHK-
1112078

27 o0 pas
f(a)~%;/f(t)dt+; %/f(t)cosntdt oS no
0 n= 0

27
+ %/f(t)sinntdt sin na
0

Ucnonb3ys pemenue 3agauu Jupuxie Jjs Kpyra, HanpuMmep, eu-
HUYHOro, OyJeM MMeTb rapMoHu4eckyio dbyHkuuwo u(r,a), r < 1,
TaK 4TO lll.r% u(r,a) = f(a), npuuem cxomumocts GyaeT paBHOMEP-
Hasi o ¢, a € [0,2n).

C npyroit cTOpoHbI, rapMOHUYECKYI0 DYHKIMIO u(T, ) MOXKHO
Pa3ioXKUTH B psaj (cM. Jiekuuio 7, pasioxenue (1))

2 oo 27
u(r,a)=%/f(t)dt+2 %/f(t)cosntdt cos na
0 n=1 0

2r
1 ] .
+ -/f(t)smntdt sinna| r",
T
0

PaBHOMEPHO cxoAsmuiics mo o, « € [0, 27).



178 Jlekunsa 16

Urak, cam paa @ypbe HenpepbiBHO# dyHkuuu f(a) MoxeT pac-
XOJUTBCS B HEKOTOPOU TOUYKe o (pUMepbl TaKUX (DYHKIMIA CMOTPH,
Hanpumep, B Kuure Hatancona [8]), Ho psax mns byskuun u(r, o)
CXOANTCSL PAaBHOMEPHO N0 @, « € [0,27r]. Tem camMbiM TI0 3aJaHHO-
My pagy Dypbe, KOTOPBI MOXET U PaCXOIUTHCS, Mbl MOJYYHJIH
crocob omnpenenennsi pynkuyuu f(a). Mnave rosops, Mbl pocyM-
mupoBaJu pag Pypoe memodom ITyaccora-Abeas. OTcioma MOXKHO
HOJYYUTh TEOPEMY:

Teopema Beitepmirpacca. /asa ar0bot nenpepuienoti pynxyuu
f(@), f(a) € C([0,27]), f(0) = f(27), daa mobozo € > 0 cywe-
cmeyem mpuzoromempueckuti muozounen T'(a), maxoti, wmo

|f(a) - T(a)| <e, Vace€l0,2n],

m. e. aobyro Henpepushyto dynxyuro wa (0,27 moorcno paero-
MEPHO NPUBAUSUMD MPUZOHOMENPUNECKUMU MHOL0MAEHAMY, TPU
yeaosuu, wmo f(0) = f(2x).

3amenanue. O Meromax CyMMHMPOBaHHS PACXOIALIUXCH PALOB, B
yacTHOoCcTH, 0 MeTode Ilyaccona-AGensi, MOXKHO MPOYECTh B KHHTE

[4].



NHTETPAJI JIAIIJIACA
11 ETO OCHOBHBIE CBOICTBA

nekuyns

IMycrb £ — nyu: arg z = g, u @(2) — GyHKUKMSA, HHTEIrpUpYeMas

A
Ha . Ecau cymectByer nmpexes l}im J (2) dz, T0 on Ha3bIBaeTCH
—00

Aet 0
HecobcmeenHbim urmezpasom 1o £ n 06o3HadaeTCA

Nurerpan Buga
ocelPo

Fo) = [ wlae s

IpH YCJIOBHH, YTO OH CYIUNECTBYeT, Ha3biBaeTcs uwmezpaaom Jla-
naaca uau npeobpasosaruem Jlanaaca Pyrxyuu ¢(z). Mbl Oyzem
paccMaTpHBaTh YaCTHBIHA caydail npeobpasoBanus Jlannaca, koroa
ayu £ ectb nonoxureiabHbiil ayy Rt mefictButenbHo#t ocu; 6ostee
obuimit ciyyaii paccMarpuBaercs, HanpuMep, B KHure A.®@. jleon-
TbeBa [2].

Onpenenum knace dyuxkuuit f(t), Ha KOTOPOM BBeIeM HHTe-
rpan Jlamaca. @yukuun f(t) u3 sToro kjacca, Boobie ropops,
MOTYT NMPHMHUMATh KOMIUIEKCHbIE 3Ha4YeHHs. ByJieM cuurTaTh, 4TO
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npu t < 0 byukuuu f(t) = 0, f(t) — HenmpepsiBHB Ha JayY, R*.
Taxxxe Gyaem cuutarh, yro Ana mobolt dynkuun f(t) cyme.rpy-
1o KoHcTaHThl M (f) > 0 u a(f) takue, uro |f(t)] < M(f)ex(N)t —
ouenka pocra pynxuuu f(t) npu t — +oo. Hasosem nokasay,jem
crenedu pocta pynknuu f(t) seauuuny inf a(f) = ao, TeM cyypim

Ve >0, IM, : |f(t)] < M.el®*) ¢t e RT.

+o00
Uuterpan Jlannaca F(p) = [ f(t)e ™ dt nassiBaioT n306paxy eup-

0
em ynknuu f(t), a camy dynkmuio f(t) — OpHrHHAIOM, PR 4Hrom
coorBercTBue Mexay f(t) u F(p) Gynem o603Ha4YaThH

YKaxkeM HeKOTOpble CBOHCTBa npeodpa3oBanus Jlamnaca,

CsoiicTBo 1. Unrerpan Jlansaca cXomuTcsa paBHOMEPHQ g0 P
B moJiymiiockoctd Rep > a; > ag. Ha camoMm gesne cmpaBey yypa
OLIEHKA

|7 £ ()] < TR f(£)] < Meem1tHeote)t = ) g=Her~(ao,)

rme ag+ € < ap, € > 0.

Oynxuus e~tu—(a0+e) _ yaxopanTta mas byHKUUU et f(2).
[To npusnaky Beitepmrpacca unrerpan Jlannaca 6ymer .xo-
,ZIHTbCﬂ paBHOMepHO B Rep > a;, Tak Kak CXOTUTCS HHTyrpaJt

f e~tla—(a0+9) dt npum sTOM CpaBeIMBa OLEHKA
0

1
Rep — (ap +¢)’

orcioga _ lim F(p) = 0, nostomy Gyaem cuutars, 410 F(00) = (
Rep—+o00
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3amevanue. Ecin dbynkuus f(t) mMeer moka3aresib CTeNIEHH POCTa,
ag, To dyukuusa t" - f(t), n € N umeer 10T ke moka3are/p CTENEHH
pocra. OTcioa cliefyeT, YTO MHTErpal

+00 +oc
[ wa= [orerswa

CXOANTCSA pPaBHOMEpHO B mojyIiockoctd Rep 2 a; > ap.

Teopema. I[Tycmv gynxyus V(p,t) € A(D) no p npu Pux-
cuposanrom t € [0,+00), p € D, dynxyusa f(t) nenpepwis-

na na [0,+00).  ITycmv maxoice cywecmsyom unmMe2paidl
+00 +o0o
[ ¥(pt)f(t)dt, [ U (p.t)f(t)dt, p € D, npuvem nocaed-
0 0
nuti unmezpas crodumcsa pasHomepno no p € D.  Toada

T\I’(p, t)f(t) dt € A(D) u

!/

+00 +oo
[venswa) = [weosea.
o p O

Hoxa3zareancrBo. Ilycts ¥(p,t) = u(z,y,t) + iv(x,y,t), p =
z +iy. Tak kax dyukuus ¥(p,t) € A(D), o dynkuunu u(z,y,t) n
v(z,y,t) - muddepeHuEpyeMBl 0 £ U Y U BHINOJHAOTCS YCJIOBHS
Komu-Pumana: u;, = vy, u, = —v,, NP4 3TOM

W (p,t) = uy(z,y,t) + dv,(x, y, t).

+00

Taxk kak uurterpan [ W (p,t)f(t)dt cxomurcsi paBHOMEpHO, TO
0
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CXOIATCA PABHOMEPHO HHTErPaJibi
+00 +00
f uz(z, y,t) f(t)dt, f vz (z, y, ) f(t)dt,
fu (z,y,t) f(t)dt, f (z,y,t) f(t)dt.

IMosTomy cnpaBenynBa Teopema 0 gudpdepeHUMpOBaHUH O], 3HA-
KOM MHTerpaJa (TeopeMa U3 Kypca MaTeMaTH4eCcKOro aHajIu3a, CM.,
Hanpumep, [4]). Byaem umers

+o00 400

f W(p,t)f(t)dt = [ (ul, +iv))f(t)dt

0 .

zmu(x, Y, t)f(t)dt); +1 (-.:foov(x, Y, t)f(t)dt)

!

x
!

T

(
(Re +0f°°\11(p, ) f(t)dt); +i (Im Twp, 9 f(t)dt)
(

+0f°°x11(p, ) f(t)dt) .

7@@, (/wn ),

0

Urak,

+00
bynkuus [ ¥(p,t)f(t)dt € A(D), p € D. Teopema moka3aHa.
0
IIpumenum 31y Teopemy K ynkuuu ¥(p,t) = e P'; Toraa

+oc

P@=/—wwmm

0
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YuuTbiBasi 3aMeyYaHue, CAeJIAHHOe Nepes 3TUM, MOJIYYHM, YTO
F(p) € A(Rep>ag), —-tf(t)=F'(p).

CsotictBo 2. Unrerpan Jlamnaca F(p) uMmeer npou3BOAHYIO
n-ro nopsaaka F"(p) = (—t)"f(t), F(p) € A(Rep > ao).

Csoiicteo 3. Ilycth ¢yHkuusa f(t) uMeeT n NPOU3BOAHBIX C
M0Ka3aTejieM POCTa Qp; TOTAA

/ (n—1)
F () = p° [F@)-%?)_f_gl_...____f ,,n“”

JokazkeM 3TO yTBepXKAeHNe MEeTOJ0M MAaTeMaTH4YeCKON HHAYK-
muu. [Ipu n = 1 umeem

, Rep > ay.

+00

F(t) = / P f (1) dt

0

= e[ +p / e f(t) dt = —£(0) + pF(p).
0

[Tockoabky p € {Rep > ag}, TO tlir+n e Pt f(t) = 0.

IIpeanoaoxumM, yTo npd n = Kk YTBEpKIAEHHE BEPHO; JOKAXKEM,
4TO OHO Gyner BepHO ¥ pu n = k + 1:

+o0 400
fE@)= [ et di=e P 0|7 +p [ e O dt
0
0 0
_ _ sl K _fo)  fE(0) ]
. (0)+p[p (F(p) o == o )

1 0 (k—l)O (k)O
=pk+ [F(p)__f_%_”._f pk( )_fplﬂ(.l)}‘
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Tem cambim dopmyita goka3ana ajs Jwboro n € N.

CsoiicTBo 4. JluneiiHoe cBOHCTBO.
Mycrs Fi(p) = fi(t), Rep > a), Fa(p) = fo(t), Rep > ay, rae ay, ap
- moKa3aTesu crenenu pocra byHkuuit fi (), f2(t) cooTBercTBEHHO.
Torna

a1 Fi(p) + a2 Fa(p) = on fi(t) + aafo(t),
Rep > max(ay, a2), a;,ay € C.

Jdoka3aTeabCTBO CilefyeT U3 JUHEHHOro CBOWCTBA MHTErPaJioB.
CsoiicTBo 5. Popmysia 3ana3piBaHus.
Iycrs dyskuus f,(t) umeer sug

5 = 0, t<T, 7>0,
(&) = fit=7), t=>

Torma f-(t) = +f “PfL(t f e P+ f(y) du, u = t — 7. Tak
0
kak f(t) =0,t <0, o f,(t) = e ?" f e f(u) du = e P F(p),
0
T. €.

f=(t) = e F(p).

CaoiictBo 6. DopMmysa cMeleHMS.
Cupaseginsa dpopmysia

eMft)=F(p+)), Re(p+))> ao.

B camoM pene,

+oo

N F(t) = / e NP E() dt = F(p + )).

0
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Csoticro 7. Ilycts a > 0; Torma

fa = 1P (), Re (2) > a0

Nmeem

+o0 +00

flat) = / e flat)dt = ~ / B f(u)du = ~F (2).

(¢ «
0

—

CsoiictBo 8. 1306pakeHue cBepTKH.
t

®yukumsa (t) = [ fi(7) fo(t — 7) dr Ha3bIBaeTCA ceepmxot ABYX
0

dyukimit. g cBepTKH CnpaBeaMBO PaBEHCTBO
t
o) = [ fit-n)lr)ar
0

[Mycrs Fi(p) = fi(t), Rep > a1, Fi(p) = f2(t), Rep > a; Torma
cBepTke AByx dyHKumil ¢(t) coorBercrayer mpeobpasosanue Jla-
miaaca F(p) = Fi(p) - Fo(p), Rep > max(a;,az). Jokaxkem 3To0.
Vmeem: '

o(t) = 72_’” -/tfl(T)fg(t —7)dr|dt

= /e"’t -7}1 (1) fat = 7) dT:l dt
= +/°cf1 (1) []ooe"”tfg(t -7) dt} dr.

0

8 ®ynkuun
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M=t Bocnosib3oBasiuch teM, uto fi(t), f2(t) =0, t < 0, u cupasexn-
JIMBA NEPECTAHOBKA MHTErPUPOBAHMs, TaK Kak B obsactu Rep >
max(a;, az) HeCOOCTBEHHBIN ABOWHON HHTErPAJ CXOQUTCS abCOMIOT-
HO. B nocienHeMm muTerpasie ciesiaeM 3aMeHy t — 7 = u, TOraa

+00 +00

/fl(T) 0/e_”tfg(t—T)dt dr

0

+00 +00
- / fi() / e~y (u) du | dr

+00

/ fi(r)e P / e P fo(u)du| dr
Fy(p) | filr)e™ dr = Fi(p) - Fa(p).
[

CsoiicTBO 9. I/I306pa>KeHne HHTEerpaJa.

Ecmu f(t) = F(p), 1o ¢(t) = ff % I[TokaxkeM 3T0.

t
Mycrs (t) = [ f(7) dr = Fi(p); Toraa no cBoficTBy 3 UMeeT MeCTO
0 _

J(t) = £(t) = pFi(p) = F(p), 7. e. Fy(p) = f-g'i)

CseoticTeo 10. I/IHTer‘pupOBaHne n3o6pax<ennﬂ.

[Tycts f(t) = F(p); Toma = f F(q) dg, npu ycnosuu, 4TO
f®)
t

dbyHKIHS B Touke () HENpPEpPbIBHA WJIM CYLIECTBYeT MHTErpaJ

fa-ﬂﬂdt, a> 0.
0 t
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B CaMOM [ieJjie, uMmeeM
t iy t

t
0

+oo
Io cofictBy 2 Fi(p) = — [ e P f(t)dt = —F(p). Iloaromy
0

Fi(p) = - / F(q)dg+C, Fi(oo) =0,

TOraa

400 P +o0 +o0

o= [F@do Futy)=- [F@ g+ [ Flo)da= [ F@)aa

0 0 0 P

N306parkenne HekoTOpbIX PyHKUuMii

1. ®yukuus Xepucaiiga:
0, t<0,
xo={ P55
+00 1
x(t) = [ ePdt= > Rep > 0,
0

nokasaTesb cTernenu pocra X(t) — ag = 0.
2. @®yukuus f(t) = e, ap = Rea,

= ——, Rep>Rec.
e = 5 ep

8*
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1 . )
3. @ynkuus f(t) = coswt = §(e’m+e‘“"t), ap = |[Imuw|.
Nmeem
1/ 1 1 P
t=— - - = , Rep>|I .
Ccos w 3 (p—zw+p+zw) 7+ P ep > |Imw|

1, . .
4. Oyukuus f(t) = sinwt = Z(e“"’—e"“"), ap = |Imw|.
Nmeem

nwt = = — ! Y Rep>|mu|
sinwt = — — - — | = , Re muw)|.
2i\p—iw p+iw P? + w? P v

5. @ynkuusa f(t) =t*, v> -1, ap =0.
Sameuarue. Ilpu —1 < v < 0 byHKuusA t¥ He ABASETCA HETIPEPHIB-
a

Hol#t cripaBa B To4ke (, HO MHTerpaJ f t¥ dt cymecrtByer.
0

PaccmoTrpuMm dyHKmo

+o0 +00
_ 1 I'(v+1)
—_ Tty — —-u, Vv _
F(:v)—/e tdt_xu+l/e udu——IH—I—, z > 0.
0 0

Tax kak ¢ynkuus F(p) € A(Rep > 0), a coiictBa ramma-
dbyuxkuun Ditnepa I'(p) Mbl paccMaTpuBaiu paHee, TO, NOJb3YACh
AHAJINTMYECKHM TPOJOJIKEHHEM C IOJIOXKUTENbHOro Jjy4ya R* Ha
nosymjaockocts Rep > 0, noiayuum:

Frv+1
F(p)=_(z)u_+'f—)’ Rep>01

e 6epeTcsa Ta BeTBb GyHKIMEU p*+!, uTo npu T = 0 UMeeT MecToO
vt = pvt! . B wactHocTu, npu v = n € N nonyyaem
p=z>0
o n!

pn+1 :
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BosHukaer Bonmpoc — Bcerja Jjiu opuruHan f(t) MOKHO BOCCTa-
HOBUTb 1O ero m3obpaxkenuio F(p)? Ha sror Bompoc oredaer
cJefyIouas Teopema.

Teopema. Ilycmv dynxyua F(p) e noaynaockocmu Rep > a
ABAAEMCA U300PaNCEHUEM KYCOuHO-2Aa0Kk0l dynryuu f(t), a — no-
xa3ameadv cmenenu pocma. Tozda

T+100

f)=— [ P F@)dp, z>a,

T 2mi
=100
t — mouxa nenpepuerocmu f(t), unmezpuposarue 6edemcs no eéep-
MUKGALHOT NPAMOTE, NPoTodawel vepe3 mouxy .
Hoxa3zarenbcTBo. Paccmorpum dynkuuio p(t) = e~ f(t), > a.
Toraa dyukums p(t) — Kycouno-raaakas, ¢(t) € Ly(—oo, +00). B
TOYKaX HempepbiBHOCTH byHKuuH @(t) (WM, 4yTo TO XKe caMoe, B
TOYKaxX HenpephiBHOCTH f(t)) npeacTasisierca uHTerpajioM dypne

+o00

P(t) = 5- / e ¥ 3(y) dy

—00

(@(y)) — mpeobpaszosanue Oypbe bynkmun ¢(t),

+00 +00 +00

B(y) = / W p(A) dA = / P f(N) dA = / £ £(2) dA
o o 0
+00

_ / e M=) f(\)dA = F(z — iy), = > a,

0

(HmocsieqHee paBeHCTBO CJeayeT M3 ycJoBus Teopembl). OTcroma

+00
olt) = (1) = 5~ / eV F(z — iy) dy

-0
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HJIN
+00

f6) = 5 [ ¢ Fa-ig)ay

-—0Q

Ecnu y npoberaer nefiCTBUTEILHYIO IPSAMYIO, TO P = X — iy Ipode-
raerT BePTHUKAJIbHYIO NPAMYIO, NPOXOISAILYIO Yepe3 TOUYKY I:

T—100 T+i00
$0=55 | FFOw=55 [ rora
T+ico T—100

Teopema moka3zana.

CnpamnBaercsi, mobast au dynkuusa F(p) € A(Rep > a),
F(oo) = 0 saBaserca wu300pakeHHEM HEKOTOPOTO OPHTHHAJIA,
f(t)? Cdopmyaupyem [gocTaTOUHBIE YCJIOBHS CyNIECTBOBAHHS
OPMIHHAJIa B BUIE TEOPEMBI.

Teopema [6e3 noka3areabcrBal. Ilyemv F(p) € A(Rep > a),

,,li_.r& F(p) = 0. [aa aobozo x > a cywecmeyem unmezpai
Rep>a
4100
[ |F(p)|dp. Toz2da cywecmeyem dynxyua f(t), dasn xomopoii
=100 1 etico
fO =F@), fO)=5— [ eFlp)dp, z>a
Tz ioo
Joka3aTebCTBO 3TOi TeOpeMbl MOXKHO HAliTH, HapuMep, B KHU-
re A.®. JleouTbena [2].

Ilycts dbynkuua F(p) € A(Us(0)), € > 0, u ee jo-

paHoBCKoe pasioxkenue B U, (00) uMeer BHJ,

oo
)=
PR
k=1
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Torna dyukuusa o(t) = x(¢) f(t), rae x(t) — dbynkuus Xesucaiiaa,
o0

af(t)=> (Tﬁlf—l—)-’-t"‘l, siBJIsieTcs opuruHajioMm byHkuun F(p) =
k=1 -4

x(t)f(t). Joka3sare Takxke, yto f(t) — nenas dpynxuus.

[Iycrs f(t) — uenas GyHKUMs, yIOBIETBOpSAOLIAL

HepaBeHcTBy |f(t)] < Me®!"l. TTokasars, 4To Torma uzoGparenne
F(p) = x(t) f(t) - ananurudeckas bynkuus B U, (00), € >0, u ee
JIOPAHOBCKOE Pa3/ioXKeHHe UMeeT BH

) ax
F(p) = Z ;,;
k=1
ITycts n306pakenne F(p) — panuonaabHas GyHKIys
Q(p)
F(p) = =——=,
P = 2w

rae Q(p) u Q1(p) MHOrOUIeHBI, He UMelone OBIIMX KOpHefi, cTe-
NeHb YUCJIUTENI MEHbIle CTeNeHH 3HaMeHaTesisd. Bce KOPHH 3Ha-
MeHaTeNds o, Qa,... ,0, — OpocThie. Jloka3aTrb, 4TO

gl( ZQI a,) e®t — opuruHa.

3anauva 46. | [TycTs BBIMOTHEHBI YCJIOBHS mpeAblaylieil 3a1a4d U

MHorousensl Q(p) u Q1 (p) — MHOrOWIEHB C JeHCTBUTEIbHBIMHA KO-
adpdunmentamu. JokasaTs, 4ro opurusai f(t) umeer Buj

n g
— Q(az a, ) it
=2 Q) TR ; Q)

rae ay,0q, ... ,0y, — Bce JeHCTBATEIbHBIE KOPHH, Qmi1, Omi2, - - - ,
Qnim — BCE KOMILIEKCHbIE KOPHH C MOJIOXKUTEJbHBIMH MHHMbIMH



JIAIIJIACA K PEINIEHVIO
ANOOPEPEHIIMAJIbHBIX YPABHEHUN B
YACTHBIX ITPOM3BOJHBIX

1 8 NPUMEHEHUE IIPEOBPA3OBAHNS

nekuyws

Pcemorpum 3adavwy Kowwu: Haditn dynkuumio y(t), yaosierso-
PAIOILYIO YPaBHEHHIO

aoy ™ (t) + a1y V() + ...+ any(t) = £(2)

" HaYaJIbHBIM JaHHBbIM

y(0) = o, ¥'(0) =91, ..., Y"(0) = Yo_1.

Bynem cumtarb, 4To mpaBasi 4acTb ypaBHeHud, dyHkuus f(t), a
TaK>ke HCKoMasi PpyHKuus y(t) 1 ee NPOU3BOAHbBIE O N-T'O TOPSIKA
BKJIIOYATEJIbHO NPUHAAJIeXKAT TOMY KJacCy, Ha KOTOPOM Ompeje-
JeHo mnpeobpa3osanue Jlanmaca. Ilycrb opurnnanam y(t) u f(t)
COOTBETCTBYIOT M300paxenns Y (p) u F(p):

y(t) =Y(p), f(t)=F(p).

Ilepeiizem K ypaBHEHHIO OTHOCHTENbHO Y (p). DTO ypaBHeHHE ya-
CTO HA3BIBAIOT ONEPAUUOHHBIM YPABHEHUEM:

oo (v -2 - ve)]

+a [p"_l (Y(p) - % - i:j’)] + ...+ a,Y(p) = F(p).
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Tornma

Y(p) [aop™ + a1p™ ' + ... + an)
=F(p) + wo(ap" ' +a1p" 2+ ... + any)
+y1(aopn—2+01pn_3+- oA Op2)+. . 4 aoYn—1 = F(p)+Qn-1(p),

rae Qn—1(p) — MHOrOUJIEH CTeNeHH He Bbille N — 1:

Qn-1(P) = yo(aop™ ™ + a1p™ 2+ ... + an-1)
+y(agp" 2+ ap™ 3 ..+ An—2) + ...+ GoYn—1.

Muorounen L(p) = app™ 4+ a;p™ ! +... + a, Ha3BIBaeTCA Tapaxme-
PUCTUNECKUM MHO20%AEHOM. TaKuM 00pPa30M, MOXKHO HAIUCATD

Y(p) = F(p) +@Qn-1(p)  _ F(p) +Qn1(p)
aop™ + a1p" !+ ...+ an L(p) '
Ecnun nHavanbHble JaHHBIE paBHBI HYJIO, TO Qn,—1(p) = 0 u
F(p)
Yi(p) = =22,
(#) L(p)

I[To Teopeme MesnnuHa, 3Has M300parkeHne, BOCCTAHOBUM OpHU-
rusan y(t); umeenm:

T+i00

y(t) e”'Y (p)dp, x> Rep > ay,

2m1
T—100

Gp — NOKa3arejb CTEeNeHU POcTa PYHKIUH.
Ecnu Y (p) B nonymiaockocta Rep < ap uMeeT KOHeYHOE YHCIIO
0COOBIX M30JIMPOBAHHBIX TOYEK Py, P, - .. , Pk U lim Y(p) =0, To
p—oo

k
y(t) =D res ["¥(p)] .



194 Jlekuus 18

Jokaxxem sro yrBepxkaenne. Pacemorpum koHTvp I'g, o6pa3osan-
Hplit yacTbio Cr OKpyxkHOCTH |2| = R, rae R — +00, U oTpe3kom
[z —iVRZ — 22,z + iv/R? - 72|, pacronoKeHHbBIM Ha BEPTHKAJIb-

HO# npsiMoit, mpoxoasieit yepe3 Touky (z,0), £ > ag (puc. 53).

3
R z4+iy/R2~z2
Cr

ap |

z~iy\/R2~z2

Puc. 53

Urak,

r+ivVRZ=z2

y(t) = lim — / e”tY(p

R—+00 271'2
z—iVRZ—z2

1 1
= - pt [ e
= lim / eP*Y (p) dp 2m,/e Y (p)dp
Cr

R—+o0o | 271

[To aemme 2Kopaana RliT J €Y (p)dp = 0, t > 0. Tlostomy no
— ooCR

TeopeMe O BBIYeTax

k
E res e”‘Y t>0.
i p—p‘l

1

YTBep:KaeHne JOKa3aHO.

Paccmorpum psia npumMepos.
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ITpumep 1. Haiitu pemenue ypaBHeHus
y'(t) +4y'(t) + 4y(t) = tPe™,
y(0) =1, y'(0)=2.

ITepeiinem K OmepalMOHHOMY YPABHEHHUIO

7 lro -1 - 2]+ oo - 1| +avo) - o,

Y4uThiBas HadaJibHbIE YCJIOBUS, OyJIeM HMETb

_Flp)+p+2+4 3!

Y F(p) =
(p) Zrdprd (p)

HIIM
3!

(p+2)° _ 3 L4
(p+2)? (p+2)8¢ p+2 (p+2)?

+p+6
Y(p) =

Ucnonb3ya cBoiicrBa mnpeobpa3oBanus Jlamiaca KOHKPETHBIX
dbyuxuuit, okoOHYATEIBHO NOJIYYUM

. !
y(t) =e2 (%t"’ + 4t + 1) .

IIpumep 2. HaiiTu pemienne ypaBHeHHst

{ y B (¢) + 2yD(t) + y(t) = sint,
y(0) = '(0) = y?(0) = y®(0) = 0.

M306paxenune ¢pyukuuu y(t), T. e. Y (p), umeer Bua

1

241 1
Y(p) = —2 = :
P = 1T
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a OpHIMHaJI
4100

1

— pt

y(t) = — e?Y (p) dp.

()= 5— (»)
r—100

Tak Kak Y(p) MeeT Ha KOMILJIEKCHO# IJIOCKOCTH TOJILKO KOHEeYHOoe

YHUCJIO TOJIIOCOB, TO

yt) =D res [Zp—ﬁ)_] |

p=—i

ept ePt
[ToxaxeMm, 94TO res —s——— KOMILJIEKCHO CONIPSI)KEH C IeS .
TR P 1) PR =2 2+ 1)
Boobuie, cipaBenjinBo cienymoouiee yTBepKaeHue.
VYreepxxgenue. [Tycmo P(p), Q(p) - mnozourenv ¢ deticmeu-

MEALHOMU KodPPuyuenmamu; mozoa

pmayib [ept ' %} = pmacib [ept . gg;]’

20e mmnozouaenv P(p), Q(p) we umerom obwuxr xoprel, a mouxu
a £ ib - nyau mrozouaena Q(p).

P(p)

JToka3areabCcTBO. Paznoxxum pyHkuuio e’ - Q—(p_) B psia JlopaHa

B OKPECTHOCTH TOYKHM a + ib:

e PlR) +°°a —(a+i)]", a.;= r e”t-P(p)
- 0) > anlp—(@+d)", a es[ ]

n=—oo

HO TaK KaK
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TO
P (P)) s P() _ =
et - =eft —— = @u[p — (a — )]
( Q(p) QD) n;w
pt P(p)
9T0 ecTb pa3ioKeHue PyHKIHHA € ) (p) B psjg JlopaHa B okpecT-
. l P(p)] __
HOCTH TOYKH a — ib, T.e. res |e a_1.
p=a—ib Q(p)
IIpuMeHnM 3TO yTBep:KIeHHe K Hallell 3ajade. Boiumciaum
ePt
IS T 1)
NS
ePt 1 a2 ePt
res —————r = — + — [ ———
p=i (p? + 1)3 ~ 9 dp? ((p+z)3> p=
ept eit
HeTpyaso BUAETb, 4TO Tes = - (—4t? — 12t + 12).

p=i (p? +1)3 25.4
Vcnonb3yst cBoiicTBa mpeobpasosanus Jlammaca, mojydaem

y(t) = ——(—12t) + ——(—4t> +12) = —gtcost + ﬂ(—ﬁ + 3).

8
Bagaua 47.| HaiiTu pemenune ypapHeHuUs

z"(t) + a’z(t) = bsin(at),
z(0) = g, 2'(0) = z;.

IIpumep 3. Pemuth ypaBHeHue

tz"(t) + (1 —n)z'(t) + z(t) = 0,
z(0)=2'(0)=0, neZ
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Iycrs z(t) = X(p). Iepeligem K onepanuoHHOMY YpaBHEHHUIO:

2'(t) = p’X(p), ta" =-2pX(p) — p*X'(p),
—2pX (p) — P’ X'(p) + (1 — n)pX (p) + X (p) =

HJIH
p’X'(p) + [p(n + 1) — 1] X (p) = 0.
Pemas sto nuddepenuuanbuoe ypapHenue, noaydum

1
C-e»

pn+1

X(p) =

Mostomy z(t) = C - t2J,(2V1), rae J.(z) — bynkuus Beccens
N-TrO TMOPAJAKA WK IMJIMHIpHYecKasa PYHKIMA 1 poga n-ro nopsi-
Ka. Ecin paccMOTpeTh TaK Ha3bIBAEMYIO NPOU3sodauyto GyHxuuo
e’f’("’_%) ans dyukumit Beccenst n-ro nopsiaka, To pyukiuu Becce-
JII MOXKHO TPAaKTOBaTh KakK KO3(PUUHEHTH B pa3iioKeHHH PyHK-
110707 eé(w‘%) B psaj Jlopana:

§lo-3) = ZJ(z , 0<|w| < oo.
n=--oo

Oyukuuu Beccesis MOXKHO TPEICTaBUTh M Kak pelnenus gudde-
PEHIUAIBbHOTO YPaBHEHHS:

22" +tz' + (2 = N)z(t) =0, e Z.

Ectb eme ogno npeacrabienue pyHkuuii Beccensi, HO yxKe yepe3
UHTErpaJI:

Ju(2) = — ——dw = -};/cos(z sin z — nz) dz.

|wl=1 0
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[Tocsequuit vHTErpa HOCUT Ha3BaHHe unmezpaa Becceaa.
[Ipumep 4. Pemuth cucteMy ypaBHeHHit

zo(t) = —azo(t),

/

zi(t) + aze(t) = aze—y(t), k=1,2,...,n,
zo(0) =1, z,(0) =...=z,(0) = 0.

[TycTh OPUTHHAIBLI M M300parKeHHs UMEIT COOTBETCTBHE
zo(t) = Xo(p); xk(t) = Xk(p), k=1,2,...,n.
OHepauﬂOHHaﬂ CHUCTeMa nuMeeT BUI
p|Xate) - 1| = -axa(p).

pXi(p) + aXi(p) = aXka(p), k=1,2,...,n.

Orcloga ciaenyer, 4To

Xo(p) = (‘1‘:1_—?5, Xi(p) =

i

(a + p)?

Xz(p)=za-’*'_p)7+1_’ i=172""7n-

[TepexomuMm K opuruHajaM, KOTOpbIe U €CThb PEIIeHHs JaHHON CH-
CTEMBI:

a . (at)t ,
zi(t) = e —t' = ( : ) e i=0,1,...,n.
1! 1!
3anava 48. | Haiitu pemenne cucremst auddepeHunanbHbIX YpaB-

HeHu#
o'(t) + z(t) — y(t) = ¢,

y'(t) + 3z(t) — 2y(t) = 2¢',
z(0) = y(0) = 1.
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[TpumenumM npeobpa3oBanue Jlamiaca K pelieHH0 ypaBHEeHU# B
JaCTHBIX MPOU3BOAHBIX. PaccMOTpuUM ypasrenue menaonposodro-
cmu

u(z,t) = a®uze(x, ), u(z,0) =0,

u(0,t) = ug = const, |u(z,t)] < M.

®yukuus u(z,t) - pacupeneseHue Temia B crepxie 0 < £ < +00,
O6oKOBasi MOBEPXHOCTh KOTOPOro M30JupoBaHa. ByaeM uckarh pe-
meHne B kJacce (GpYHKIMA, AJis KOTOPBIX OINpeneseHo mnpeobpaso-
Banue Jlannaca. Ilyctb opurunas m u3obparkeHHe CBS3aHbI Clie-
AYOIIHM 00pa3oMm:

+o0

u(z,t) = F(z,p) = / e Pu(z,y) dy.

[TepexoauM K OnepamuoHHOMY ypPaBHEHHIO:

pF(z,p) = a*Fy,(z,p).
Pemenne 3atoro guddpepeHnuaibHOr0 ypaBHEeHUs €CTh QYHKIMSA
P 4
F(z,p) = Cle'jacz + 026%:’.

Koncranra Cy = 0, Tak Kak mo yciosuto pyukuusa u(z,t) orpaHu-

+00
yena, |u(z,t)] < M. Koncranra C; = F(0,p) = [ e Pdt = Ep(—).
0

_VP,
e a
Urak, F(x,p) = ug-
HaJ

. DTo#t hYHKUUH COOTBETCTBYET OPHTH-

8

u(x,t) = %uc eV dy = ug [1 - (2;/2)] ,

2a

S
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z
rae &(z) = 7_7; i eV’ dy - unmezpan sepoamrocmed.
0

e VP
Mbl UCnOB30Ba U TOT (PAKT, YTO U30OPAKEHHUIO

COOT-

9 o
BETCTBYeT OpuruHal — [ eV dy.

\/7_ra

2V1

Paccmotpum 3adauy o xoaebanuu cmpyHs, — PEIIUTh ypaBHEHUE
B YaCTHBIX MPOU3BOJHBIX

Uit = Ugy, 0<:L'<1,

u|z=0 = ulm:l = O’

u|t=0 = sin 7z, ut|t=0 = 0.

3azauy MOXKHO TPaKTOBaTh KakK 3aJady O MOMepeYyHbIX KoJjebaHu-
X CTPYHbI, 3aKpemieHHo# Ha koHuax (z = 0, x = 1), byukuus
u(x,t) — OTK/IOHEHUE CTPYHBI OT OCH Z, t — Bpems. IIpouecc koe-
OGaHuil CTPYHBI 3aBUCHUT OT ee Ha4daJibHOH POPMBI U pacnpeneneHus
ckopocreit (t = 0).

Pemrenue, Kak u panee, 6ynem UCKaTb B Kjacce pyHKIuil, 1
KOTOPBIX OllpefesieHo npeobpa3osanue Jlamnaca. [Tycts

+00
wat) = F.p) = [ e™ulzp)dy
0
OnepaluoHHOe ypaBHEHHE UMeeT BUI,
p’F(z,p) — psinmz = Fo (x,p).
B cusly rpaHUYHBIX YCIOBHiI OXHOPOLHOE YPaBHEeHHe

p’F(z,p) = Fi(z,p)
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HMeeT HY./1eBO€ pellcHHE. YactHoe pelieHue nmMeeT BHI

P .
F(x,p) = ———=sinnzx.
(z.7) p? + 72 ‘

OT0# PYHKUMU COOTBETCTBYET OPUTHHAT
u(z,t) = sin(nz) - cos(nt).

B 3ak.110ueHne xo4eTcs NMPOUUTHPOBATH CJI0BA 3HAMEHHUTOTO yd4e-
Horo M.B. Kenapima [9], Tak MHOro ciesnaBiuero B TeOpHH KOH-
GOopMHBIX 0TOOparkeHui.

"Teopns aHaIUTHYeCKUX (PYHKIUN BO3HUKJIA B CBSI3H C 33,12~
Jeil penieHus ajrebpawyeckux ypaBHeHuil. OHa jJaja BO3MOXK-
HOCTb HPOJIHTH CBET Ha OCHOBHBIE KJIACCH (DYHKUUN, BblABHHYThHIE
Pa3BUTHEM aHAIM3a, MEXaHHUKH, MaTeMaTudeckoi ¢usuku. Psijg
HEHTPAJbHbIX (PAKTOB aHaJIU3a MOr OBITH N0 KOHUA IOHAT TOJIb-
KO IIpH BBIXOJ€ B KOMILIEKCHYIO 00jacTh. PYHKUUH KOMILJIEKCHO-
IO NEepeMEeHHOr0 NOJIYYUJIN HEeNOCPeICTBEHHO (bU3UYECKYI0O MHTEp-
NpeTaluio KaK XapaKTepUCTUKH BaXKHENIIINX BEKTOPHBIX NMOJjied I'u-
JIPOIMHAMHKHY M 3j1eKTpoAuHaMUKH. OOHADYKUIHUCH CBS3H TEOPHU
GbyHKuuil ¢ 331a4aM1 TEOPHH TEMJIONPOBOJHOCTH, TEOPHH VIIPYTO-
ctu. OO6ue Bompockl Teopun JudPepeHUnaIbHBIX yPAaBHEHUH U
CrenyajibHble MeTO/bl MX pPelleHHsl IIHMPOKO OMMPAIHCh H ONHpa-
I0TCS1 Ha, TeopHI0 (PYHKUHHA KOMIJIEKCHOTO MEPeMEeHHOro. AHaJiu-
THYeCKue (PYHKIMHM eCTECTBEHHO BOILIH B TEOPKIO HHTErPajIbHbIX
ypaBHeHHI u o0ILyi0 Teopuio JuHeHHUX onmeparopoB. OOHapyKH-
JIUCh TECHBbIE CBS3M TEOPHH AHAJIMTHYECKHX (PYHKIHH C reoMeTpH-
eir.”
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